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PREFACE

Constraint satisfaction is a successful paradigm developed by the Al community that found
acceptance in many fields of computer science. While specific techniques (e.g. operations
research ones) exist for most of the problems that can be represented as Constraint
Satisfaction Problems (CSPs), constraint satisfaction owes its success to the simplicity and
straightforwardness with which humans can formalize new problems and profit thereby of
powerful existing techniques.

While there exist extensive literature about abstract techniques for solving more or less
general CSP formulations, the applicability of the field is covered by a veil of mystery. The
companies that propose CSP based solutions seem to have particular success on the market
but the details and the contribution of the Constraint Satisfaction research to all of it are all
but well known. The lack of feedback to the large amount of academic researchers involved in
the field encourages a more in breadth research versus a focused research.

Moreover, most conferences in the field give currently only little attention to the relation
technique/application and focus solely on randomly generated or on toy evaluation criteria.
Most problems faced by the researchers trying to apply constraint satisfaction to real
applications are invisible to the community as they do not find easily an avenue into the main
conferences like CP. The series of applied science - workshops was started at CP 2003 and
intends to foster a better interaction between physical reality and academic research on CSPs
and to direct CSP research towards areas of high promise and social interest. (All the
difference is BFS vs. A*!)

This goal of interaction between industry and academia resembles also in the choice of the
invited speaker:

Mark Wallace addresses the issue when industry meets research and discusses three
successful application areas in transport industry.

The working notes of this workshop gather contributions from applications such as interactive
configuration, computer graphics, order sequencing and model checking of UML diagrams.
Furthermore, research on search techniques and DisCSPs with a focus on its applicability is
presented. The 8 papers demonstrate that continuous technical advances in CSPs lead to a
technology that fits more and more real applications.

Roman Bartak
Ulrich Junker
Marius-Calin Silaghi
Markus Zanker

Aug. 25, 2003

iii



v



CONTENTS

Invited talk: Three Research Collaborations with the Transport Industry
Mark Wallace 1

Finite Satisfiability of UML class diagrams by constraint programming
Marco Cadoli, Diego Calvanese, Giuseppe De Giacomo, Toni Mancini 2-16

Interval Constraints for Computer Graphics
Belaid Moa 17-36

Multiplex Dispensation Order Generation for Pyrosequencing
Mats Carlsson and Nicolas Beldiceanu 37-51

Boosting Constraint Satisfaction using Decision Trees

Barry O'Sullivan, Alex Ferguson, Eugene C. Freuder 52-65

An empirical Study of Heuristic and Randomized Search Techniques in a Real-World
Setting

Venkata Praveen Guddeti, Hui Zou, Berthe Y. Choueiry 66-82

Desk-mates (Stable Matching) with Privacy of Preferences and a new Distributed CSP
Framework
Marius-Calin Silaghi, Markus Zanker, Roman Bartak 83-96

Comparing two implementations of a Complete and Backtrack-free Interactive
Configurator

Sathiamoorthy Subbarayan, Rune M. Jensen, Tarik Hadzic, Henrik R. Andersen, Henrik
Hulgaard, Jesper Moller 97-111

BBD-based Recursive and Conditional Modular Interactive Product Configuration
Erik R. van der Meer, Henrik Reif Andersen 112-126



vi



Three Research Collaborations with the Transport
Industry

Mark Wallace

Faculty of Information Technology
Monash University
Building 63, Clayton
Vic 3800

Australia
Mark.Wallace@infotech.monash.edu.au

Abstract. The talk will explore the three problem definitions, and give their
business motivation. The projects were about

» logistics with depots,
»  patrol dispatcher and

»  flight schedule retimer.

The talk will then discuss the algorithms used to solve them, and hopefully also
give an insight into the benefits of applications-driven research.



Finite Satisfiability of UML class diagrams by
Constraint Programming

Marco Cadoli!, Diego Calvanese?, Giuseppe De Giacomo', Toni Mancini'
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Abstract. Finite model reasoning in UML class diagrams, e.g., check-
ing whether a class is forced to have either zero or infinitely many objects,
is of crucial importance for assessing quality of the analysis phase in soft-
ware development. Despite the fact that finite model reasoning is often
considered more important than unrestricted reasoning, no implementa-
tion of the former task has been attempted so far. The main result of this
paper is that it is possible to use off-the-shelf tools for constraint model-
ing and programming for obtaining a finite model reasoner. In particular,
exploiting appropriate reasoning techniques, we propose an encoding as
a CSP of UML class diagram satisfiability. Moreover, we show also how
CP can be used to actually return a finite model of a class diagram. A
description of our system, which accepts as input class diagrams in the
MOF syntax, and the results of the experimentation performed on the
CIM knowledge base are given.

1 Introduction

The Unified Modelling Language (UML, [13], cf. www.uml.org) is probably the
most used modelling language in the context of software development, and has
been proven to be very effective for the analysis and design phases of the software
life cycle.

UML offers a number of diagrams for representing various aspects of the
requirements for a software application. Probably the most important diagram is
the class diagram, which represents all main structural aspects of an application.
A typical class diagram shows:

— classes, i.e., homogeneous collections of objects, i.e., instances;

— associations, i.e., relations between classes;

— ISA hierarchies between classes, i.e., relations establishing that each object
of a class is also an object of another class;
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Fig.1. A UML class diagram.
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Fig.2. A UML class diagram with finitely inconsistent classes.

— multiplicity constraints on associations, i.e., restrictions on the number of
links between objects related by an association.

Actually, a UML class diagram represents also other aspects, e.g., the attributes
and the operations of a class, the attributes of an association, and the special-
ization of an association. Such aspects, for the sake of simplicity, will not be
considered in this paper.

An example of a class diagram is shown in Figure 1, which refers to an
application concerning management of administrative data of a university, and
exhibits two classes (Student and Curriculum) and an association (enrolled)
between them. The multiplicity constraints state that:

— Each student must be enrolled in at least one and at most one curriculum;
— Each curriculum must have at least twenty enrolled students, and there is
no maximum on the number of enrolled students per curriculum.

It is interesting to note that a class diagram induces restrictions on the number
of objects. As an example, referring to the situation of Figure 1, it is possible
to have zero, twenty, or more students, but it is impossible to have any number
of students between one and nineteen. The reason is that if we had, e.g., five
students, then we would need at least one curriculum, which in turn requires at
least twenty students.

In some cases the number of objects of a class is forced to be zero. As an
example, if we add to the class diagram of Figure 1 a further likes association,
with the constraints that each student likes exactly one curriculum, and that
each curriculum is liked by exactly one student (cf. Figure 2), then it is impos-
sible to have any finite non-zero number of students and curricula. In fact, the
new association and its multiplicity constraints force the students to be the ex-
actly as many as the curricula, which is impossible. Observe that, with a logical
formalization the UML class diagram, one can actually perform such form of
reasoning making use of automated reasoning tools!.

1 Actually, current CASE tools do not perform any kind of automated reasoning on
UML class diagrams yet.
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Fig. 3. Another finitely inconsistent class diagram.

Referring to Figure 2, note that the multiplicity constraints do not rule out
the possibility of having infinitely many students and curricula. When a class is
forced to have either zero or infinitely many instances, it is said to be finitely
inconsistent or finitely unsatisfiable. For the sake of completeness, we mention
that in some situations involving ISA hierarchies (not shown for brevity), classes
may be forced to have zero objects, and are thus said to be inconsistent or
unsatisfiable in the unrestricted sense.

Unsatisfiability, either finite or unrestricted, of a class is a symptom of a
bug in the analysis phase, since such a class is clearly superfluous. In particular,
finite unsatisfiability is especially relevant in the context of applications, e.g.,
databases, in which the number of instances is intrinsically finite.

Obviously the situation described by Figure 2 (in particular, the fact that a
curriculum is liked by exactly one student) is not realistic. Anyway, finite incon-
sistency may arise in more complex situations, cf. e.g. Figure 3. Here, for budget
reasons, each curriculum has at most six teaching assistants, and, for enforcing
effectiveness of service, each TA is assigned to at most three students. The rea-
son why there must be zero (or infinitely many) students is that eighteen, i.e.,
three times six, is less than twenty. Global reasoning on the whole class diagram
is needed to show finite inconsistency. For large, industrial class diagrams, such
reasoning is clearly not doable by hand.

If, in our application we have that the UML class diagram will always be
instantiated by a finite number of objects (as often is the case), then, for assess-
ing quality of the analysis phase in software development, we must take fully
into account such an assumption. This is reflected in focusing on finite model
reasoning.

In this paper we address the implementation of finite model reasoning on
UML class diagrams, a task that has not been attempted so far. This is done by
exploiting an encoding of UML class diagrams in terms of Description Logics
(DLs) [6,4].

DLs [1] are logics for representing and reasoning on domains of interest in
terms of classes and relationships among classes. They are extensively used to
formalize conceptual models and object-oriented models in databases and soft-
ware engineering, and lay the foundations for ontology languages used in the
Semantic Web. From a technical point of view, DLs can be seen as multi-modal



logics [16] specifically tailored to capture the typical constructs of class-based
formalisms. Alternatively, they can be seen as well-behaved fragments of first-
order logic. Indeed, reasoning in such logics has been studied extensively, both
from a theoretical point of view, establishing EXPTIME-completeness of various
DL variants [9], and from a practical point of view, developing practical reason-
ing systems. State-of-the-art DL reasoning systems, such as FACT? and RACER?,
are highly optimized and result among the best reasoners for modal logics.

The correspondence between UML class diagrams and DLs allows one to
use the current state-of-the-art DL reasoning systems to reason on UML class
diagrams. However, the kind of reasoning that such systems support is unre-
stricted (as in first-order logic), and not finite model reasoning. That is, the fact
that models (i.e., instantiations of the UML class diagram) must be finite is not
taken into account.

Interestingly, in DLs, finite model reasoning has been studied from a the-
oretical perspective, and its computational complexity has been characterized
for various cases [14, 10,7, 15]. However, no implementations of such techniques
have been attempted till now. In this paper we reconsider such work, and on the
basis of it we present, to the best of our knowledge, the first implementation of
finite model reasoning in UML class diagrams.

The main result of this paper is that it is possible to use off-the-shelf tools for
constraint modelling and programming for obtaining a finite model reasoner. In
particular, exploiting the finite model reasoning technique for DLs presented
in [10,7], we propose an encoding of UML class diagram satisfiability as a
Constraint Satisfaction Problem (CSP). Moreover, we show also how constraint
programming can be used to actually return a finite model of the UML class
diagram.

We built a system that accepts as input a class diagram written in the MOF
syntax, and translates it into a file suitable for ILOG’s OPLSTUDIO, which checks
satisfiability and returns a finite model, if there is one. The system allowed us to
test the technique on the industrial knowledge base CIM, obtaining encouraging
results.

The rest of the paper is organized as follows: in Section 2 we briefly de-
scribe the main constructs of UML class diagrams in terms of first-order logic.
In Sections 3 and 4 we then show how to encode the UML class diagram finite
satisfiability problem as a CSP, and, in Section 5 we show how to find, if possi-
ble, a finite model of a class diagram, with non-empty classes and associations.
Section 6 is devoted to some observations on complexity issues, while our system
is described in Section 7. Finally, Section 8 concludes the paper.

2 Formalization of UML Class Diagrams
UML class diagrams allow for modelling, in a declarative way, the static struc-
ture of an application domain, in terms of concepts and relations between them.

2 http://www.cs.man.ac.uk/ horrocks/FaCT/
3 http://www.sts.tu-harburg.de/ r.f.moeller/racer/
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We briefly describe UML class diagrams, and specify the semantics of the main
constructs in terms of first-order logic (FOL).

A class in a UML class diagram denotes a set of objects with common
features. Names of classes are unique in a UML class diagram. Formally, a class
C corresponds to a FOL unary predicate C. Classes may have attributes and
operations, but for simplicity we do not describe them here, since they have only
minor impact on the reasoning process.

An association in UML is a relation between the instances of two or more
classes. Names of associations are unique in a UML class diagram. A binary as-
sociation A between two classes C7 and Cs is graphically rendered as in Figure 4.
The multiplicity m1..n1 on the binary association specifies that each instance of
the class C; can participate at least m times and at most n; times to A, simi-
larly for C'5. When the multiplicity is omitted, it is intended to be 0..x. Observe

that an association can also relate several classes C1,Cs, ..., C,, as depicted in
Figure 5%.
An association A between the instances of classes C1, ..., C},, can be formal-

ized as an n-ary predicate A that satisfies the following FOL assertion:
Va1, .oy e Alxr, .oy 2n) — Cr() Ao A Cp(an)

For binary associations (see Figure 4), multiplicities are formalized by the FOL

assertions:
V. Ci(x) — (m1 < #{y | A(z,y)} <)

Vy. Ca(y) — (me < H{a [ Az, y)} < n2)

where we have abbreviated FOL formulas expressing cardinality restrictions.
Aggregations, which are a particular kind of binary associations are modeled
similarly.

4 In UML, differently from other conceptual modelling formalisms, such as Entity-
Relationship diagrams [2], multiplicities are look-across cardinality constraints [17].
This makes their use in non-binary associations difficult with respect to both mod-
elling and reasoning.



Fig. 6. A class hierarchy in UML.

In UML one can use a generalization between a parent class and a child class
to specify that each instance of the child class is also an instance of the parent
class. Hence, the instances of the child class inherit the properties of the parent
class, but typically they satisfy additional properties that in general do not hold
for the parent class. Several generalizations can be grouped together to form a
class hierarchy (also called ISA hierarchy), as shown in Figure 6. Disjointness
and completeness constraints can also be enforced on a class hierarchy (graph-
ically, by adding suitable labels). A class hierarchy is said to be disjoint if no
instance can belong to more than one derived class, and complete if any instance
of the base class belongs also to some of the derived classes.

A UML class C' generalizing a class C can be formally captured by means
of the FOL assertion:

Vz. Cy(x) — C(x)

A class hierarchy as the one in Figure 6 is formally captured by means of the
FOL assertions:
V. Ci(x) — C(x), fori=1,...,n

Disjointness among C1, ..., C, is expressed by the FOL assertions

Va. Ci(z) — Nj_iy1 ~Cj(), fori=1,...,n—1
The completeness constraint expressing that each instance of C' is an instance
of at least one of C,...,C, is expressed by:

Vz. C(z) — i, Ci(z)

In UML class diagrams, it is typically assumed that all classes not in the same
hierarchy are a priori disjoint. Similarly, it is typically assumed that objects in
a hierarchy must belong to a single most specific class. Hence, two classes in a
hierarchy may have common instances only if they have a common subclass.

3 Finite Model Reasoning on UML Class Diagrams

As mentioned before, a technique for finite model reasoning in UML class dia-
grams can be derived from techniques developed in the context of Description
Logics (DLs) [1]. Such techniques are based on translating a DL knowledge base



into a set of linear inequalities [10, 7]. The first-order formalization of UML class
diagrams shown in the previous section can be rephrased in terms of DLs. Hence,
the finite model reasoning techniques for DLs can be used also for UML class
diagrams.

Intuitively, consider a simple UML class diagram D with only binary as-
sociations, and in which we do not make use of generalization and hierarchies.
Further, for each association, between two classes multiplicities are specified.
Figure 4 shows a fragment of such a diagram, in which we have two classes C;
and Cy and an association A between them. The multiplicities in the figure ex-
press that each instance of C is associated with at least m; and at most nq
instances of C5 through the association A, similarly for Cs. It is easy to see that
such a class diagram D is always satisfiable (assuming m; < n;) if we admit
infinite models. Hence, only finite model reasoning is of interest. We observe
that, if D is finitely satisfiable, then it admits a finite model in which all classes
are pairwise disjoint. Exploiting this property, we can encode finite satisfiability
of D in a constraint system as follows. We introduce one variable for each class
and one for each association, representing the number of instances of the class
(resp., association) in a possible model of D. Then, for each association A we
introduce the constraints:

mip*xc1 <a<ng*xc
mo *xCo < a < Nog *Co
c1*Cy > a

where c1, co, and a are the variables corresponding to C7, Co, and A, respectively.

It is possible to show that, from a solution of such a constraint system we
can construct a finite model of D in which the cardinality of the extension of
each class and association is equal to the value assigned to the corresponding
variable® [14].

The above approach can be extended to deal also with generalizations, dis-
jointness, and covering between classes. Intuitively, one needs to introduce one
variable for each combination of classes; similarly, for associations one needs to
distinguish how, among the possible combinations of classes, the association is
typed in its first and second component. This leads, in general, to the introduc-
tion of an exponential number of variables and constraints [10, 7]. We illustrate
this in the next section.

4 Finite Model Reasoning via CSP

We address the problem of finite satisfiability of UML class diagrams, and show
how it is possible to encode two problems as constraint satisfaction problems
(CSPs), namely:

1. deciding whether all classes in the diagram are simultaneously finitely satis-
fiable, and

5 In fact, if one is interested just in the existence of a finite model, one could drop the
nonlinear constraints of the form c¢; * c2 > a.
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Fig.7. The “restaurant” UML class diagram.

2. finding —if possible— a finite model with non-empty classes and associations.

We use the “restaurant” class diagram, shown in Figure 7, as our running ex-
ample.

First we address the problem of deciding finite satisfiability. As mentioned
before, we use the technique proposed in [7], which is based on the idea of
translating the multiplicity constraints of the UML class diagram into a set of
inequalities among integer variables.

The variables and the inequalities of the CSP are modularly described con-
sidering in turn each association of the class diagram. Let a be an association
between classes ¢l and c2 such that the following multiplicity constraints are
stated:

— There are at least min_cl and at most max_cl links of type a (instances of
the association a) for each object of the class cl;

— There are at least min_c2 and at most max_c2 links of type a for each object
of the class c2.

Referring to Figure 7, if a stands for served_in, c1 stands for banquet, and c2
stands for menu, then min_cl is 1, max_cl is 1, min_c2 is 1, and max_c2 is co.

For the sake of simplicity, we start from the special case in which neither
cl nor c2 participates in a ISA hierarchy, e.g., the related and the served_in
associations of Figure 7.



The CSP is defined as follows:

— There are three non-negative variables c1, c2, and a, which stand for the
number of objects of the classes and the number of links, respectively (in
practice, upper bounds for these variables can be set to a huge constant, e.g.,
maxint);

— There are the following constraints (we use the syntax of the constraint
programming language OPL [18]):

1. min_cl * cl <= a;

2. max_cl * cl >= a;
3. min_c2 * c2 <= a;
4. max_c2 * c2 >= a;
5 a <= cl *x c2;

6. a >=1;

7. cl1 >=1;

8. ¢c2 >=1;

Constraints 1-4 account for the multiplicity of the association; they can be omit-
ted if either min_ = 0, or max_ = oo (symbol ‘*’ in the class diagram). Constraint 5
sets an upper bound for the number of links of type a with respect to the number
of objects. Constraints 68 define the satisfiability problem we are interested in:
we want at least one object for each class and at least one link for each associa-
tion. The latter constraints can be omitted by declaring the variables as strictly
positive. Finally, to avoid the system returning an ineffectively large solution, an
objective function that , e.g., minimizes the overall number of objects and links,
may be added. However, the addition of such or other objective functions is out
of the scope of this paper.

When either ¢l or ¢2 are involved in ISA hierarchies, the constraints are
more complicated, because the meaning of the multiplicity constraints changes.
As an example, the multiplicity 1. .* of the order association in Figure 7 states
that a client orders at least one banquet, but the client can be a person, a firm,
both, or neither (assuming the generalization is neither disjoint nor complete). In
general, for an ISA hierarchy involving n classes, O(2™) non-negative variables
corresponding to all possible combinations must be considered. For the same
reason, we must consider four distinct specializations of the order association,
i.e., one for each possible combination. Summing up, we have the following non-
negative variables:

person, order_p, for clients who are persons and not firms;

— firm, order_f, for clients who are firms and not persons;
person_firm, order_pf, for clients who are both firms and persons;
— client, order_c, for clients who are neither firms nor persons;

plus the positive banquet variable.
The constraints (in the OPL syntax) which account for the order association
are as follows:

10



/* 1 %/ client <= order_c;

/* 2 %/ firm <= order_f;

/* 3 %/ person <= order_p;

/* 4 x/ person_firm <= order_pf;

/* 5 */ banquet = order_c + order_f + order_p + order_pf;
/* 6 x/ order_c <= client * banquet;

/* 7 */ order_f <= firm * banquet;

/* 8 */ order_p <= person * banquet;

/* 9 *x/ order_pf <= person_firm * banquet;

/* 10 */ client + firm + person + person_firm >= 1;
/* 11 */ order_c + order_f + order_p + order_pf >= 1;

Constraints 1-4 account for the ‘1’ in the 1. .* multiplicity; Constraint 5 trans-
lates the 1. .1 multiplicity; Constraints 69 set an upper bound for the number
of links of type order with respect to the number of objects; Constraints 10-11
define the satisfiability problem (banquet is already strictly positive).

We refer the reader to [7, 8] for formal details of the translation, and in partic-
ular for the proof of its correctness. As for the implementation, the “restaurant”
example has been encoded in OPL as a CSP with 24 variables and 40 constraints.
The solution has been found by the underlying constraint programming solver,
i.e.,, ILOG’s SOLVER [12,11], in less than 0.01 seconds.

5 Constructing a Finite Model

We now turn to the second problem, i.e., finding —if possible— a finite model with
non-empty classes and associations. The basic idea is to encode in the constraint
modelling language of OPL the semantics of the UML class diagram (see Section 2
and [4,3]). In particular we use arrays of boolean variables representing the
extensions of predicates, where the size of the arrays is determined by the output
of the first problem. Since in the first problem we have enforced the multiplicity
constraints, and obtained an admissible number of objects for each class, we
know that a finite model of the class diagram exists, and we also know the size
of the universe of such a finite model, which is the sum of the objects of the
classes.

Referring to our “restaurant” example, we have the following declarations
describing the size of our universe and two sorts:

int size = client + person + firm + person_firm + restaurant + menu +
characteristic_restaurant + dish + specialty + banquet + celebration;

range Bool 0..1;

range Universe 1..size;

where client, person etc. are the number of objects for each class, obtained as
the output of the first problem.

The arrays corresponding, e.g., to the client and banquet classes, and to the
order_c association are declared as follows:

var Bool Client[Universe];

11



var Bool Banquet[Universe];
var Bool Order_C[Universe,Universe];

Now, we have to enforce some constraints to reflect the semantics of the
UML class diagram [4, 3], namely that:

1. Each object belongs to exactly one most specific class;

2. The number of objects (resp., links) in each class (resp., association) is co-
herent with the solution of the first problem:;

3. The associations are typed, e.g., that a link of type order_c insists on an
object which is a banquet and on another object which is a client;

4. The multiplicity constraints are satisfied.

Such constraints can be encoded as follows (for brevity, we show only some of
the constraints).

// AN OBJECT BELONGS TO ONE CLASS

forall(x in Universe)
Client[x] + Person[x] + Firm([x] + Person_Firm[x] + Restaurant[x] +
Characteristic_Restaurant[x] + Dish[x] + Specialty[x] + Banquet[x] +
Celebration[x] + Menul[x] = 1;

// ENFORCING SIZES OF CLASSES AND ASSOCIATIONS

sum(x in Universe) Client[x] = client;

sum(x in Universe) Banquet[x] = banquet;

sum(x in Universe, y in Universe) Order_C[x,y] = order_c;

// TYPES FOR ASSOCIATIONS

forall(x, y in Universe)
Order_C[x,y] => Client[x] & Banquetl[y];

// MULTIPLICITY CONSTRAINTS ARE SATISFIED

forall(x in Universe)
Client[x] => sum(y in Universe) Order_Cl[x,y] >= 1;

Summing up, the “restaurant” example has been encoded in OPL with about
40 lines of code. After instantiation, this resulted in a CSP with 498 variables
and 461 constraints. The solution has been found by ILOG’s SOLVER in less than
0.01 seconds, and no backtracking.

6 Notes on complexity

Few notes about the computational complexity are in order. It is known that
solving both problems of deciding finite satisfiability and finite model finding
are EXPTIME-complete [7]. Our encoding of the first problem in a CSP may
result in a number of variables which is exponential in the size of the diagram.
Anyway, since the exponentiality depends on the maximum number of classes
involved in the same ISA hierarchy, the actual size for real UML diagrams will
typically not be very large (especially when the most specific class assumption is
enforced, cf. Section 2). As for the second problem, our encoding is polynomial in
the size of the class diagram. Note that this does not contradict the EXPTIME

12



lower bound, due to the program complexity of modelling languages such as
OPL. Indeed, in [5] it is shown that the program complexity of boolean linear
programming is NEXPTIME-hard.

7 Implementation

In this section we describe a system realized in order to automatically produce,
given a UML class diagram as input, a constraint-based specification that de-
cides its finite satisfiability (full handling of ISA hierarchies among classes and
associations is currently under development).

Two important choices have to be made in order to design such a system:
the input language for UML class diagrams, and the output constraint language.
As for the former, we decided to use a textual representation of UML class
diagrams. To this end, we relied on the standard language “Managed Object
Format” (MOF)®. To give the intuition of the language, a MOF description of
the class diagram depicted in Figure 7 is shown in Figure 8. For what concerns
the output language, instead, in order to use state-of-the-art solvers, we opted
for the constraint programming language OPL.

However, in order to have a strong decoupling between the two front-ends of
the system, we realized it in two, strongly decoupled modules: the first one acts as
a server, receiving a MOF file as input and returning a high-level, object-oriented
complete internal representation of the described class diagram. A client module,
then, traverses the internal model in order to produce the OPL specification.

In this way, we are able to change the language for the input (resp., output) by
modifying only the MOF parser (resp., the OPL encoder) module of the system.
Moreover, by decoupling the parsing module from the encoder into OPL, we are
able to realize new tools to make additional forms of reasoning at a very low
cost.

As for the handling of ISA hierarchies, as described in Section 4, an expo-
nential blow-up of the number of variables (one for each combination of classes
involved in the hierarchy) cannot be avoided in general. However, in case the
hierarchy is disjoint or complete, it is possible to reduce the number of generated
variables. It can be observed that, if an ISA is complete, the variable relative to
its base class can be avoided; even more interestingly, if an ISA is disjoint, all
variables that model instances that belong to any combination of two or more
derived classes can be ignored, thus reducing the overall number of variables to
the number of classes in the hierarchy.

The MOF language provides the “abstract” qualifier that, when applied to a
class C' imposes that no instance may exist that belongs to class C' and does not
belong to any of its subclasses. This is implicitly used to assert completeness of
the ISA hierarchy. Also, in MOF, the most specific class assumption is implicitly
enforced. Hence, in all experiments reflect such an assumption.

In order to test whether using off-the-shelf tools for constraint programming
is effective to decide finite satisfiability of real-world UML class diagrams, we

6 http://www.dmtf.org
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used our system to produce OPL specifications for several class diagrams of the
“Common Information Model” (CIM)7, a standard model used for describing
overall management information in a network/enterprise environment. We don’t
describe the model into details, since this is out of the scope of the paper. We just
observe that the class diagrams we used were composed of about 1000 classes
and associations, and so can be considered good benchmarks to test whether
current constraint programming solvers can be effectively used to make the kind
of reasoning shown so far.

Constraint specifications obtained by giving large class diagrams in the CIM
collection, were solved very efficiently by OPL. As an example, when the largest
diagram, consisting of 980 classes and associations, has been given as input to our
system, we obtained an OPL specification consisting of a comparable number of
variables and 862 constraints. Nonetheless, OPL solved it in less than 0.03 seconds
of CPU time, by invoking ILOG SOLVER. This high efficiency is achieved also
because generated constraints are often easily satisfiable (cardinality constraints
for associations often have “0” or “1” as lower bounds, or “¢” as upper bounds).
This is encouraging evidence that current CP technology can be effectively used
in order to make finite model reasoning on real-world class diagrams.

8 Conclusions

Finite model reasoning in UML class diagrams, e.g., checking whether a class is
forced to have either zero or infinitely many objects, is of crucial importance for
assessing quality of the analysis phase in software development. Despite the fact
that finite model reasoning is often considered more important than unrestricted
reasoning, no implementation of this task has been attempted so far.

In this paper we showed that it is possible to use off-the-shelf tools for con-
straint modelling and programming for obtaining a finite model reasoner. In
particular, exploiting finite model reasoning techniques published previously, we
proposed an encoding as a CSP of UML class diagram satisfiability. Moreover,
we showed also how constraint programming can be used to actually return a
finite model of a class diagram.

We implemented a system which parses class diagrams written in the MOF
language and uses ILOG’s SOLVER for solving the finite satisfiability problem.
The results of the experimentation performed on the CIM class diagram, a large
industrial knowledge base, are encouraging, since determining satisfiability is
done in just few hundredths of second for a class diagram with 980 classes and
associations.
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class Client { /* Properties and methods (always omitted) */

class Person : Client {};

class Firm : Client {};

class Banquet {};

class Celebration {};

class Restaurant {};

class Menu {};

class Dish {};

class CharacteristicRestaurant : Restaurant {};
class Speciality : Dish {};

[association] class Order {
[Min (1), Max (1)] Client REF clior;
[Min (1)] Banquet REF baor;
};
[association] class Related {
[Min (1), Max (1)] Celebration REF cerel;
[Min (1), Max (1)] Banquet REF barel;
};
[association] class Placeln {
[Min (1)] Banquet REF bain;
[Min (1), Max (1)] Restaurant REF rein;
};
[association] class ServedIn {
[Min (1)] Banquet REF baser;
[Min (1), Max (1)] Menu REF meser;
};
[association] class IsComprised {
[Min (1)] Menu REF mecom;
[Min (1)] Dish REF dicom;
};
[association] class OfferM {
[Min (1)] Restaurant REF reof;
[Min (1)] Menu REF meof;
};
[association] class OfferS {
Speciality REF speof;
[Min (1)] CharacteristicRestaurant REF charof;

};

Fig. 8. MOF description of the class diagram in Figure 7.
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Abstract. Interval constraints programming was used for plotting relations with
only two variables. In this paper, we extend this idea to plot any kind of rela-
tionsin 2 or 3 dimensions. This paper also discusses two applications of interval
constraints, namely tessellation and animation. More specifically, the paper looks
at triangular tessellation and then provides a framework for doing any kind of
tessdllation. In addition, the paper discusses different ways of doing correct an-
imations. New software for plotting using interval constraints is described and
used to show the power and the importance of interval constraints in computer
graphics.

1 Introduction

Conventional plotting is based on sampling. Thus, its correctness and completeness
is not guaranteed. Given an implicit function defined by f(z,y) = 0, one can plot
y with respect to = by writing y as a function of z: y = g(z), and then sampling g
for certain values of z. In order to have a precise plotting of g, the rate of sampling
has to be greater than twice the maximum frequency of g (this follows from Nyquist
Sampling Criterion). In general, obtaining g from f is hard, and making the rate of
sampling greater than twice the maximum change rate of g is even harder. Another way
of plotting f is by using the square chains to approximate f [1]. This gives only an
approximation of f and it supposesthat f hasimplicit derivatives with respect to z and
y. Numerical plotting algorithm described in [2] can also be used for plotting f. This
algorithm, however, is limited to cases where f is a polynomial function with respect
to z and y, and with rational numbers as coefficients.

Asisthe casefor any computational result, the rounding errors make the outcome of
plotting even worse. Thus, a curve plotted with conventional software packages cannot
be guaranteed to be an accurate representation of the function being plotted.

With the invention of interval arithmetic, controlling rounding errors became pos-
sible. The papers that proposed the use of interval arithmetic for computer graphics
include [15] , [5], and [6].

Plotting the function f using interval arithmetic is based on an inclusion function
F of f. Given arectangle X x Y, if 0 isin F(X,Y), then we keep the rectangle
X x Y, otherwise wediscard it. By using interval arithmetic, one can also plot relations
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involving logical operators based on the inclusion relations. This works as long as the
relations remain fixed, but if the relations start changing over time, aswe shall seelater,
the use of interval arithmetic becomes tedious.

An alternative way of plotting is by means of interval constraints. According to our
search, the only paper that discussed the use of interval constraintsin computer graphics
is[7]. Their system, called | A Solver, was used to plot relationswith only two variables.
This paper is an extension of their ideato handle 3D, tessellation and animation.

That is actually the main objective of writing this paper, that is to emphasize the
importance of applying interval constraintsin computer graphics.

In section 2, we present a brief background of interval constraints. An important
idea presented in that section is the notion of constraint store. Section 3 shows how to
plot any constraint store with respect to two or three selected variables. The usua way
of plotting is by using a quadtree-like method that we like to refer to as rectangular
tessellation. In section 4, we generalize this idea to do tessellation of any kind, espe-
cialy triangular tessellation. The idea behind the process of doing tessellation leads us
to the notion of animated/dynamic constraint stores. This can be used to do animations,
which is discussed in section 5. In section 6, we briefly describe SHRINC.net Plotter
Engine implemented recently in C#. Finally, we mention some problems that were
encountered during our investigation and that can be explored in future work.

2 Interval Constraints

Interval constraints combines two wide areas in computer science: Constraint Process-
ing and Interval Arithmetic.

Interval Arithmetic uses intervalsto carry out safe numerical computations. Anin-
terval [a, b] is the set of real numbers that are less than or equal to b, and greater than
or equal to a. A box is a Cartesian product of some intervals. A rectangle is a Carte-
sian product of two intervals. All arithmetic operations can be extended into intervals
asdonein [12,3,4,13]. As an example, the “+" operator can be extended as follows:
[a,b] + [¢,d] = [a+ ¢, b+d]. For aninterval X, [b(X) denotesitslower bound, ub(X)
its upper bound, and w(X) its width (i.e w(z) = ub(X) — Ib(X)). For clarity, in the
rest of the paper, we will represent variables using lower case |etters and intervals using
upper case letters.

Constraint Processing deals with solving problems that involve constraints. A con-
straint is a relation that restrains the values of certain variables [8]. Each variable be-
longs to a domain. In what follows, the domains considered are intervals. If z isa
variable, then X denotesits domain.

A congtraint is in general represented by an expression involving arithmetic and
logic operators. A constraint store is a conjunction of several constraints. At each step
of processing, a constraint store can expand with the addition of another constraint or
shrink due to deletion of another constraint.

At any instant T, if a constraint store S has C4, ..., C,, for congtraints, then its
state is the Cartesian product of the domains of the variables involved in C; ... C,.
If the intervals X,,..., X,, are the domains of the variables involved in C;...C,,

then the state of S at T is denoted by s(T) = X; x ... x X,,. The configuration
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of S a T isthe tuple ({C4,...,Cn},s(T),s(0)), where s(0) is the initial state of
S. The constraint store .S is said to be corrupted at T iff the set difference s(T")/s(0)
contains a tuple that satisfies al the constraintsin S. In other words, if at an instant T,
the constraint store loses some values of the variables that satisfy al the constraints,
then, it is corrupted. The significance of corrupt constraint stores boils down to the
completeness requirement; any processing that corrupts a constraint store should be
avoided.

To add a constraint C to S we use S.add(C), to delete a constraint C* from S we
use S.delete(C"), to save the current state of S we use S.save(), and to load the latest
saved state we use S.load(). The constraints of a constraint store .S, can all be added to
S by using S.merge(S1). As aresult of merging, the domains of the variablesin .S and
Sy are set to the values they have in S;. The constraints that are common to S; and S
can be deleted from S by using S.separate(S;). The state of .S can beforced to acertain
value s by using S.setState(s).

A state of S can be reduced to another state without corrupting S by repeatedly
using operators called domain reduction operators, DROs for short. These operators
are associated with each constraint, and are either primitive or composite. The primitive
DROs are efficiently computable and are, in general, associated with primitive con-
straints. For instance, the constraint Sum(x,y,z) defined by z + y = z hasthe following
DRO:

X'=Xn(Z-Y)

Y'=YN(Z-X)
7' =ZN(X+Y)

wheretheintervals X, Y and Z arethe old domains of z, y and z respectively, and The
intervals X', Y’ and Z’ are their new domains.

A composite DRO is an operator associated with a complex constraint, and is, in
general, built by decomposing the composite constraint into primitive constraints, and
then applying the propagation algorithm (shown in Figure 1) based on the DROs of the
primitive constraints.

put al constraintsinto the active set A
while (A # 0) {
choose a constraint C from A
apply the DRO associated with C
if one of the domains has become empty, then stop
add to A al constraints involving variables whose domains have changed, if any
remove C from A

Fig. 1. Propagation algorithm.

Consider the composite constraint defined by 2% + y? = 1. This constraint can be
decomposed into the following primitive constraintsu = z2;v = y%*;u + v = 1. Now
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that we have the primitive constraints, we can easily compute the composite DRO of
the congtraint 22 4+ y? = 1 by applying the propagation algorithm to u = z2;v =
vihu+v=1.

Applying propagation algorithmto a constraint store S means applying propagation
agorithm to the constraints involved in S. S has a solution iff there is atuple in s(0)
that satisfies all the constraints of S.

A constraint store S can be checked for consistency by calling the function S.isConsistent().
This function returns true iff none of the domains of the variables become empty when
the propagation algorithm is applied to S. It is worth mentioning that .S.isConsistent()
istrue does not necessarily mean that S has a solution. It only means that inconsistency
cannot be proved by using the propagation algorithm.

In general, the propagation algorithm is not enough to get sufficient results. To prove
that the current state has some part that can be discarded, one needs to split. Splitting
a constraint store S means producing a set of constraint stores that are similar to S
except that the union of their initial states has to be egqual to the current state of S.
For example, if we have a congtraint store with the following configuration ({z? =
y, 2 +y* =1}, [-1,1] x [-1,1],[-2,2] x [-2,2]), then by using splitting we could
produce the following constraint stores:

({wz =Y z? + y2 = 1}a [_1a 1] x [_1’0]’ [_1’ 1] X [_laO])a

({2* =y, 2% +y* = 1},[-1,1] x [0,1/2],[-1,1] x [0,1/2]),
({332 = y,w2 + y2 = l}a [71, 1] X [1/27 1]a [71, 1] X [1/27 1])

If S has a solution, then it isin one of the constraint stores. Hence, an advantage
of using splitting is that we simply discard subsets of the state that are proved not to
contain a solution, without corrupting the constraint store.

3 Plotting Relations Correctly

In [7], the authors showed how to plot relations of two variables. Their way of plotting
can be generalized to plot a relation with any number of variables (of course greater
than or equal to 2) andin 2 or 3 dimensional space (2D or 3D).

3.1 Heterogeneous plotting of relationsin 2D

Let us consider as example the constraint store .S containing the constraint C(z, y, z)
defined by the expression z = z% + y? withastate s(0) = X x Y x Z = [-1,1] X
[—1,1] x [0.25,0.5]. The DRO of this composite constraint is computed by applying
the propagation algorithm to the primitive constraints: v = z2,v = y%, and z = u + v.
These constraints have primitive DROs that can be implemented easily in any program-
ming language e.g. C#. Suppose we choose z and y as the variables with respect to
which we want to plot z = 22 + y2. Even though this relation involves three variables,
it can be plotted as easily as plotting a relation with two variables. Figure 2 shows the
plotting of S with respect to z and y.
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Fig. 2. Curve representing z = z? + 2.

The conventional plotting packages cannot plot such arelation, and evenif they can,
they employ twisted techniques to accomplish this.

An algorithm that plots any kind of relation, or in general, any constraint store S, in
2D isasshown in Figure 3.

Thisalgorithm looks similar to the one givenin [7] except that instead of being able
to plot arelation with two variables, it is able to plot a relations with several variables
(r(z,y) in[7] isreplaced by S). A tiny technical difficulty that wasn’t discussed in [7]
iswhat should be done when splitting arectangle X x Y for which X issmall enough
and Y is not. This problem can be solved by bisecting only Y. Hence, instead of four
constraint stores only two will be produced. An algorithm that deals with this difficulty
is shown in Figure 4.

3.2 Heterogeneous Plotting of relationsin 3D

Suppose we have the constraint store with the unique constraint z2 + y2 + 22 < 1 with
aninitial state s(0) = X xY x Z = [-1, 1] x[-1, 1] x[-1, 1]. To plot such aconstraint
storein 3D, we use the algorithm shown in Figure 5.

Thisalgorithmis basically an extension of the algorithm in Figure 3 to three dimen-
sions.

3.3 Homogeneous Plotting

Thealgorithmsin Figure 3, Figure 4 and Figure 5 were qualified heterogeneous because
they plot the whole S; before plotting S; 1. This behavior causes the plotting to spend
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void plot2D(Constraint Store S, Variable z, Varigble y) {
if (1.S.isConsistent()){
paint therectangle X x Y white;
return;
}
if (X xY issmall enough) {
paint therectangle X x Y red;
return;

}
split S into Sy, S2, S3, Sa by bisecting X and Y;
plot2D(S1,z,y); plot2D(S2,x,y); plot2D(Ss,z,y); plot2D(S4,z,y);

Fig. 3. Heterogeneous plotting algorithmin 2D.

void plot2D(Constraint Store S, Variable z, Variable y) {
if (1.S.isConsistent()){
paint therectangle X x Y white;
return;
}
if (X xY issmall enough) {
paint therectangle X x Y red;
return;

if (X andY are not small enough){
split S into S1, S2, S3, S4 by bisecting X and Y;
plot2D(S1,x,y); plot2D(S2,X,y); plot2D(Ss,X,y); plot2D(S4,X,y);
return;

}

if (X isnot small enough){
split Sinto Sx1 and Sx2 by bisecting X;
plot2D(S x1,z,y); plot2D(Sx2,2,y);

return;

}
if (Y isnot small enough){
split S into Sy1 and Sy by bisecting X;
plot2D(Sy1,z,y); plot2D(Sy2,z,y);
return;

}

Fig. 4. Improved Heterogeneous plotting algorithmin 2D.
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void plot3D(Constraint Store S, Variable z, Variable y, Variable z) {
if (1.S.isConsistent()){
paint therectangle X x Y x Z white;
return;

}

if (X xY x Z issmall enough) {
paint therectangle X x Y x Z red;
return;

}
split S into S1, Sz, S3, S4, Ss, Se, S7, Ss by bisecting X, Y and Z;

plot3D(S1,z,y,z); plot3D(S2,z,y,2); plot3D(Ss,z,y,2); plot3D(S4,z,y,2);
plot3D(S5,z,y,z); plot3D(Se,x,y,z); plot3D(S7,z,y,z); plot3D(Ss,z,y,2);

Fig. 5. Heterogeneous plotting algorithm in 2D.

too much time in one box before going to the other boxes. Sometimes this way of
plotting is not suitable since the user may want to see the shape of the plot after afew
computations. Moreover, the user may want to stop the plotting at will and to resume
it later on. For these reasons we propose the following agorithm in which we use a
queue to keep track of the boxes that still need to be processed. The queue, referred to
as RedBoxes, isinitialized to contain the initial state of S. At each step, the box B at
the front is removed from the queue, and is used to check the consistency of S. If S is
consistent and the box B is not small enough, then we split B and add its parts to the
end of the queue. The algorithm stops once the queue is empty. The algorithm is shown
in Figure 6.

The agorithm in Figure 6 can be extended easily to 3D.

For the sake of clarity, | provided Figure 7 that shows how the algorithm in Figure 4
differs from the algorithm in Figure 6.

4 Tessdlation

A regular tiling of polygons (in two dimensions), polyhedra (three dimensions), or poly-
topes (n dimensions) is usually referred to as a tessellation. To put it simply, a tessel-
lation is a repeating pattern of interlocking shapes. For example, the algorithms for
plotting in 2D split abox, with respect to « and y, into four rectangles, each of whichis
again split into four rectangles. This process continues until the boxes are small enough
or proved inconsistent. In other words, our algorithms tessellate the curve using rect-
angles. This kind of tessellation is referred to as rectangle tessellation. This type of
tessellation is not all the time the good way of approximating a curve. OpenGL, for
instance, tessellates using triangles. In what follows, we will show that such a tessel-
lation can be easily done using interval constraints. Before embarking into details, the
reader may find Figure 8 helpful to see the difference between rectangular tessellation
and triangular tessellation.
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void plot2D(Constraint Store S, Variable z, Variable y) {
initialize RedBoxesto s(0);
while (RedTess is not empty and the plotting not stopped){
Box b = RedBoxes.Remove();
S .setState(b);
if (1S.isConsistent() ) {
paint XxY white;
return;
}
if (X x Y issmall enough) {
paint therectangle X x Y red;
return;

if (X andY are not small enough){
split b into four boxes bisecting both x and y;
add the boxes to the queue;
continue;

}

if (X isnot small enough){
split b into two boxes bisecting X;
add the boxes to the queue;
continue;

}

if (Y isnot small enough){
split b into two boxes bisecting Y';
add the boxes to the queue;

Fig. 6. Homogeneous plotting algorithmin 2D.

24



(@) (b)

Fig. 7. (8) The order of splitting of the algorithm in Figure 3. (b) The order of splitting of the
algorithm in Figure 6.

() (b)

Fig. 8. (8) Rectangular tessellation. (b) Triangular tessellation.
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In the algorithms of the previous section, changing the state of a constraint store
was sufficient to do rectangle tessellation. For triangular tessellation thisis not enough;
new constraints need to be added to the constraint store. To check the consistency of the
constraint store .S on the triangle T' shown in Figure 9, we set domains of z and y to X
and Y respectively, and we add the constraint y < w(Y)/w(X)(z — Ib(X)) + 1b(Y)
to the constraint store. The triangle T' can be viewed as a constraint store containing
the constraint y < w(Y)/w(X)(z — Ib(X)) + Ib(Y) with initial statesetto X x Y.
With this view, the consistency of the constraint store .S can be checked by merging
S and T'. Instead of keeping track of the boxes using RedBoxes queue, we keep track
of the triangles that still need to be processed. We use the queue RedTriangles for this
purpose.

The consistency of T can be checked in a similar manner.

X

Fig. 9. Triangular tessellation.

It is worth noting that once S.isConsistent() returns, we delete the added new con-
straints and load its old state. This allows the constraint store to be intact and ready for
further use. For the triangular tessellation, the algorithm of plotting becomes the one
shown in Figure 10.

The triangular tessellation approach can be generalized to perform any kind of tes-
sellation that the user might want to. The algorithmin Figure 11 isageneralized version
of the algorithm given in Figure 10. This algorithm uses the function Tess() that takes
an area and tessellates it. The Tess() function returns a set of constraint stores each of
which represents a tessellated area.

Before proceeding to the next section, it is useful to mention that a constraint store
may be plotted faster with triangular tessell ation than rectangul ar tessellation. However,
the opposite could also be true. Therefore, the user has a choice to apply whichever
tessellation he wants depending on the type of curve that needs to be plotted.
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void plot2D(Constraint Store S, Variable z, Varigble y) {
split therectangle X x Y into two triangles T' and T
addT and T to RedTriangles;
while(RedTrianglesis not empty and the plotting not stopped) {
Congtraint Store T' = RedTriangle.front();

S.save();

S.merge(T);

if (1S.isConsistent() ) {
paint 7' white;
S.separate(T);
S.load();
return;

}

if (T issmall enough) {
paint 7' red;
continue;

}

split 7" into four triangles;
add these triangles to the RedTriangles queue;

Fig. 10. Plotting using triangular tessellation.

void plot2D(Constraint Store S, Variable z, Variable y) {
tessellate therectangle X x Y using Tess();
add the constraint stores returned by Tess() to the queue RedTess;
while(RedTess is not empty and the plotting not stopped) {
Constraint Store §' = RedTess.front();

S.save();

S.merge(S’);

if (1S.isConsistent() ) {
paint 7' white;
S separate(S);
S.load();
return;

} ’

if (S issmall enough) {
paint s’ red;
continue;

}

split s’ using Tess();
add the constraint stores returned by Tess() to the RedTess queu;

Fig. 11. A generalized algorithm for plotting using any kind of tessellation.
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5 Animation

We encountered two ways of changing the constraint store: oneis by changing its state
and the other is by changing its constraints. These changes alow the constraint store
to change its configuration. By carefully controlling the instants in time where the con-
straint store changes, one can have an animated constraint store. This animation can be
visualized once the constraint store is plotted as done in the next subsection.

5.1 Animated Plotting

All the agorithms mentioned so far, plot a constraint store as fast as the underlying
hardware is capable of. For the purpose of animation, the user may want to slow down
the process of plotting. To do that, we propose the algorithm shown in Figure 12. This
algorithm only draws a predetermined number of rectangles NV that exist in the Red-
Boxes queue. This algorithm alone is not enough to plot a constraint store. That iswhy
it is called within a timer as shown in Figure 13. The frequency of the timer and the
predetermined number of rectangles NV determine the animation of the constraint store.

Figure 14 shows the process of animation when plotting acircle. Thetimer is set to
100 msec, and N to 4.

The figure shows the animation done by SHRINC.net to plot a circle. Snapshot (a)
showstheinitial state of animation when the circleisimprecise. The animation proceeds
by moving from (@) to (b), and along each step, the circle is redrawn more sharply. The
animation ends when the circle becomes totally sharp and clear, as shown in snapshot
(). This might seem a bit trivial, but it can actualy be used to simulate/animate a
bacterial culture for example, where bacteria grow or die over time.

5.2 Animated Scene

In the previous subsection, we showed how to do animated plotting by changing only
the state of aconstraint store. In this subsection we will present an examplein which the
animation is done by changing the constraintsin a constraint store. The examplethat is
considered is the shape of the sun during sunset. The sun is represented as a circle and
the earth as an ellipse. Initially, the constraint store is set to contain only the constraint
representing the sun. At each tick of the timer the constraint “a part of the sunis hidden
behind the earth” is added to the store.

Formally, let us suppose that the equation representing the sun in the middle of the
day isz? + y? < 1, and the equation of the earthisz%/4 + (y + 4)? < 1. Initially, the
constraint 2 + y? < 1 is added to the constraint store. At each tick of the timer, the
center of the earth is moved by §y and we add the constraint z2/4 + (y + 4 — dy)? > 1
to the constraint store and then we plot it.

Figure 15 shows the animation produced by such a process. There are two main ad-
vantages of this process. oneisthat it provides more depth and granularity to the picture
being drawn/animated, and the other advantage is that the animation is guaranteed to be
an exact simulation of the phenomenon being simulated. Thisisreally crucial and ben-
eficial to areas of engineering such as aircraft simulation, rocket simulation etc., since
precision and accuracy are the main concerns in these types of simulations. This cannot
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void animatedPl otting(Constraint Store S, Variable z, Variable y, int N) {
intk = 0;
while (RedBoxesis not Empty and & isless than N){
k++;
Box b = RedBoxes.Remove();
S .setState(b);
if (1S.isConsistent() ) {
paint XxY white;
return;
}
if (X x Y issmall enough) {
paint therectangle X x Y red;
return;

if (X andY are not small enough){
split b into four boxes bisecting both x and y;
add the boxes to the queue;
continue;

}

if (X isnot small enough){
split b into two boxes bisecting X;
add the boxes to the queue;
continue;

}

if (Y isnot small enough){
split b into two boxes bisecting Y';
add the boxes to the queue;

Fig. 12. Algorithm used for animated plotting.

void atTimerTick(Constraint Store S, Variable z, Variable y, int N) {
while (the plotting is not stopped){
animatedPlotting(S,z,y,NV);
}

Fig. 13. Function called at each tick of the timer.

13

29



O O

@ (b) ©)

Fig. 14. Animated Circle Plotting.

be achieved with traditional methods of animation since they are error-prone because of
rounding, and cannot produce an exact depiction/simulation of the phenomenon under
consideration.

. . AR,

@ (b) ©

Fig. 15. Sunset animation.

Collisions of two balls, abouncing ball on awall, and other animations can be easily
implemented in a similar way.

It is useful to point out that for efficiency purposes, we associated with each con-
straint store a stack that keepstrack of the set of the rectangles painted Red. In thisway,
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when a new constraint is added to the store, we don’t have to start the plotting all over
again. Instead, we only check the consistency of the rectangles stored in the stack.

6 SHRINC.net Plotter Engine

SHRINC is open software managed by M.H. van Emden at the University of Victo-
ria. SHRINC is originaly developed using C and C++. Recently, we implemented
SHRINC in .net using C#. Thus the name SHRINC.net. We used software rounding
instead of the hardware rounding for portability issues. We also developed an engine
for interval arithmetic calculation, an engine for Optimization, an engine for solving
constraint systems and an engine for Plotting. The graphical interface of SHRINC.net
is shown in Figure 16.

FEHG bR o~ aw

Caloulator
Fropagator
o] [
Gragie
i Deg ~ Bn ~ 0d " Hex
Sobver
=R ™ ght Erase Clear
Qotimizer
o b ||k A 7 ] El ]
ol A L gl 4| 5]|l®
cos | | 3| kg c 1 2 1
fan | | &"2 | | Th

Calculator. Caltulaias uting inlerval sithenstic

Caloulstor it running.

Fig. 16. SHRINC .net GUI.
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To plot any constraint store using SHRINC .net Plotter, first write the expressions
of the constraints separated by semicolons in the constraint store, specify the domains
of the variables, choose the dimension of the space you would like to plot in, and finally
provide the axes of your plot.

The steps are shown in figures 17, 18, and 19.

B sHRiNe EEx
File Edi
FHE FHB 9ox @K LD O 20
Equations | Curve |
Calculstor
Consiramt Shone
Eropagator e
Iyex
Gragher
Solver
Cptimiger
Domans
[renet: e
Graphe: Graphs two and thiee dmensional cusves Flolier & iunning

Fig. 17. Writing the equations of the constraints .

Before concluding it is worth mentioning that for 3D plotting under SHRINC .net
we used an openGL library for C#.

7 Conclusion

Themain objective of this paper isto emphasize theimportance of interval constraintsin
computer graphics. Such importance becomes a must when the user isinterested in the
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Eropagatr
Grapher
Sobver
Optimizar
Geapher: Graphs: two and Hves dmensional cunes Plotier iz nunrang.

Fig. 18. Use the Tabe to go to the plotting area.
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File Edit
FHG t0R v &N LD =0
E quations EUWE]
Caloulator Parameters
2 =] [Shaw =] [« = v | [ZLabel +] Precision [0.0005
Propagator
Grapher
Solver 6.67e-001
Optirnizer
3,33e-001
-1.00e+000 -6.678-001 -3.33e-001 0.00e+000 3.332-001 6.672-001
-3.33e-001
-6.67e-001

\Grapher: Graphs two and three dimensional curves.

Plotter is running...

Fig. 19. Choose the parameters of your plotting and press the plotting button on the tool bar.
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correctness and the completeness of plotting, tessellating and animating. Conventional
plotting can only give an approximation of the actual plotting. Is this enough a reason
to leave the conventional plotting packages? The answer of courseis no. Plotting using
interval constraints suffers form being too slow when the constraint store has many
constraints. Plotting a relation with long expression is time consuming. An idea that
can be exploited in future work is to use iterative widening [11] to plot large constraint
stores correctly based on conventional plotting packages.

The efficiency problem is even severe when doing animation using interval con-
straints; when the frequency of the timer is small, the scene starts flickering. Moreover,
due to the randomness of the propagation algorithm, the time it takes for isConsistent()
to return is random. An interesting alternative is to use other consistency techniques
instead of decomposing the constraint into primitives. Consistency techniques such as
Box-Consistency and Bound-Consistency may yield better results than the approach we
followed [9, 10, 14].

An interesting difficulty we faced when doing 3D isthat OpenGL library used does
not allow the user to plot a specific region. The whole scene has to be redrawn each
time abox is proved inconsistent. Redrawing the whole scene causes a severe flickering
and slows the plotting process. An alternative solution that we are investigating right
now is to use DirectX instead.

In short, according to our findings, interval constraints are a much better approach
to graphics if the priority is to acquire correctness and completeness. Their downside
however is that they are dow. But this will obviously change in the future as the tech-
nology becomes available. In the meantime, one solution is to integrate the interval
constraints technique with the conventional methods so as to produce results that are
not only accurate but also fairly fast.
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Abstract. This article introduces the multiplex dispensation order generation
problem, a real-life combinatorial problem that arises in the context of analyz-
ing large numbers of short to medium length DNA sequences. The problem is
modeled as a constraint optimization problem (COP). We present the COP, its
constraint programming formulation, and a custom search procedure. We give
some experimental data supporting our design decisions. One of the lessons learnt
from this study is that the ease with which the relevant constraints are expressed
can be a crucial factor in making design decisions in the COP model.

1 Introduction

This article introduces the multiplex dispensation order generation problem, a real-life
combinatorial problem that arises in the context of analyzing large numbers of short
to medium length DNA sequences with the Pyrosequencing method [1-3]. DNA, or
deoxyribonucleic acid, is the molecule encoding the genetic information of all cellular
life. It is a double-stranded polymer formed from four nucleotides (bases) abbreviated
A CG,T.

The Pyrosequencing method was developed based on the combination of four en-
zymes: (i) polymerase (bacterial), (ii) sulphurylase (yeast), (iii) luciferase (firefly) and
(iv) apyrase (potato). The idea is to use a singiput strand of the DNA to be ana-
lyzed as a template for synthesizing the complementariputstrand. The synthesis
proceeds by incorporating one nucleotide at a time, the incorporation of a specific nu-
cleotide being quantitatively detectable as visible light; see Fig. 1.

Assuming a sample from a monoploid species, i.e. individuals have a single copy
of each gene, each cycle of the method proceeds as fdtldwvspecific nucleotide
is dispensed, i.e. added to the reaction, and if it matches the current base of the input
strand, it is incorporated into the output strand, and the next input base becomes current.
If it matches a stretch of bases, it is incorporatédtimes, and thé*" next input base

1 We ignore details of the chemistry and the issue of complementary DNA bases.
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l ATP-sulphurylase

ATP
(d)XMP l Luciferase

I
PAAAAAAAAAALAY
GTCAGTCAGTCAGT
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b

C

Fig. 1. The Pyrosequencing method. A sample is analyzed wrt. a cyclic dispensation order
AGTCAGTC... Assuming a monoploid sample, the sequence CTGCTTAA is obtained.

becomes current. Each incorporation event is accompanied by emission of visible light
with energy proportional to the amount of incorporated nucleotide, i/e.ttee number

of matched bases. No matter whether the nucleotide was incorporated, the enzymes
ensure that any residue of it is degraded, and the reaction is ready for the next cycle. A
histogram with one peak of heightper cycle captures the outcome of the reaction.

Fig. 1 suggests that the nucleotides should be dispensed in a cyclic order AGTCAGTC...
However, in a typical application such as forensic analysis, most of the sequence is
known in advance, and only single positions or small stretches are variable. It is these
polymorphicparts that are of interest, i.e. that carry signal. For example, in single nu-
cleotides polymorphism (SNP) analysis, a sequence has a single variable position. In
our work, a sequence is allowed to have more general variable parts and is described
by atemplate A template is simply a restricted form of regular expression where
denotes a single nucleotide € {A, C, G, T}), zy denotes concatenatian/y denotes
alternativese denotes the empty string, apg is the same as/e, assuming that and
y are themselves templates. Parentheses are used for groupiatielaof a template
s is a string over the nucleotides describedsby

While a cyclic dispensation order is appropriate for completely unknown sequences,
it is very wasteful in terms of reagents and throughput for typical templates. Hence, an
algorithm that can generate a cust@mplexdispensation order (SDO) for a specific
template is of great practical value. Such an algorithm was the subject matter of a pre-
vious paper [4].

In many applications of the method, the DNA sample is from a diploid species,
i.e. one where each individual has inherited one copy of each gene from the father and
one from the mother. This means that the sample contains a multiset of two alleles,
which may or may not be distinct. If they are distinct, the histogram obtained will be
equivalent to superimposing the histograms for the two alleles. The requirement that an
SDO should allow for determining the genotype of the input sample is a major challenge
for the SDO generation algorithm [4], but is not discussed further in this article. Ex. 1
shows an input template and a dispensation order computed by the SDO generation
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algorithm. Such dispensation orders drive the analysis equipment, which can perform
some number (typically 96) of reactions in parallel.

Example 1.Suppose that we are given the following input template, describing a piece
of DNA from a diploid species:

CA(A/C)[AGA][TG][A/G]TATTC

The template contains 4 polymorphisms generating 24 alleles, shown in Fig. 2. A
dispensation order for this template is:

CACAGATGATATC

Template | CA A/C [AGA] [TG] [A/G] TATTC
Alelel | CA A ¢ ¢ ¢ TATTC
Allele2 | CA A ¢ e A TATTC
Allele3 | CA A ¢ € G TATTC
Allele4 | CA A ¢ TG ¢ TATTC
Allele5 | CA A ¢ TG A TATTC
Allele6 | CA A ¢ TG G TATTC
Allele7 | CA A AGA « ¢ TATTC
Allele8 | CA A AGA ¢ A TATTC
Allele9 | CA A AGA e G TATTC

Allele10 | CA A AGA TG ¢ TATTC

Allele1l | CA A AGA TG A TATTC

Alele12 | CA A AGA TG G TATTC

Alele13 | CA C ¢ ¢ ¢ TATTC

Allele14 | CA C ¢ e A TATTC

Alele15 | CA C ¢ € G TATTC

Alelel6 | CA C ¢ TG e TATTC

Allelel7 | CA C ¢ TG A TATTC

Alele18 | CA C ¢ TG G TATTC

Alele19 | CA C AGA ¢ TATTC

Allele20 | CA C AGA ¢ A TATTC

Alele21 | CA C AGA e G TATTC

Allele22 | CA C AGA TG ¢ TATTC

Allele23 | CA C AGA TG A TATTC

Alele24 | CA C AGA TG G TATTC

Fig. 2. Alleles of the template used in Ex. 1

Suppose that the analysis of a DNA sample from an individual of this species using
this dispensation order yields the histogram shown in Fig. 3. From a case analysis of
the possible combinations, we can deduce the genotype of the individual, namely:
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CACAGATGATATLC

Fig. 3. Histogram obtained in Ex. 1

Polymorphism | Parentl | Parent2

A/C A C
AGA/e AGA €
TGle TG €
AIG/ € G €

and the putative sequences (there are two feasible allele pairs, 12+13 and 7+18):

Multiset 1 Multiset 2
CAAAGATGGTATTG CAAAGATATTC
CACTATTC CACTGGTATTC

Note that, for each polymorphism, we can only deduce the multiset of variants present
in the sample, i.e. we cannot unambiguously determine which parent contributed which
variant. For the practical applications such as SNP analysis, it suffices to determine the
multisets. O

In this article, we take another step: in a typical laboratory setting, there is a large
number of samples and different templates to analyze. If templates are different enough,
the amount of parallelism can be increased by multiplexing some reactions. This is done
by placing the samples in the same well, and analyzing the mixture witlkiltiplex
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dispensation order (MDO). The point is that the length of an MDO can be much shorter
than the total length of its constituent SDOs. Moreover, an MDO does not normally

span the entire SDOs: it suffices to span the polymorphic parts plus a little more, to be
made precise in Sect. 2.

A problem instance is defined by (i) a number of SDOs, and (ii) for each SDO, some
first andfollow facts computed by the SDO generation algorithm; these are explained
in Sect. 3.

A dispensation order (SDO or MDO) is a sequencéahs each defined by (i) its
nucleotide, (ii) itsminimal multiplicity(the minimal height of the peak that this item in
the sequence will yield), and (iii) itmaximal multiplicity(the maximal height of the
peak that this item in the sequence will yield). If the minimal and maximal multiplicities
are equal, we say that we havéixed item otherwise we have ariable item

For yielding a correct analysis result, it is crucial that the height of every peak cor-
responding to a variable item be precisely determined. Due to details of the sample
preparation procedures, the concentration of DNA may vary a lot from sample to sam-
ple. This means that the signal strength, i.e. the height of each peak, is only comparable
within a single (simplex) reaction, and natrossreactions. This also means that there
is no universal height unit; peak heights are always relative within one reaction. In or-
der to calibrate the peak heights, the MDO generation algorithm must ensure to include
at least one (preferably more than one) item of fixed and low multiplicity, so called
norm-itemsfrom each SDO.

Two SDO items can beoalescednto a single MDO item if they have the same
nucleotide. That is, the peaks that the SDO items would yield become superimposed
in the peak yielded by the coalesced MDO item. The more items are coalesced, the
shorter the resulting MDO becomes. Fixed items may be coalesced arbitrarily. No two
variable items can ever be coalesced, as doing so would confuse two signals. A variable
item should preferably not be coalesced with a fixed item, as doing so compromises the
accuracy of measuring its peak height. The COP model allows it, at a penalty.

Example 2.In this example, we show three input templates, their corresponding SDOs,
and finally how these SDOs align into an optimal MDO. The resulting MDO will yield

6 peaks corresponding to variable items. The height of these peaks will allow for de-
termining the exact allele composition of the input sample. The MDO also contains 7
norm-items out of 10 fixed items, yielding 10 peaks of fixed height. 3 of the MDO items
were the result of coalescing SDO items. Finally, the MDO did not have to span to the
end of any of the SDOs.

Template \ SDO
TCC(CIT) GGGAAATAATC | TCTGATATC
AT(CIT)CAGGGGGTGCTT| ATCAGTGCT

GCTTCAA/IG)TGGA GCTCAGTGA
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SDO 1 TCT G A T:ATC
SDO 2 ATCAG T G .CT
SDO 3 GCT C AGT:.GA
MDO TCTATCAGCTACGAGT
ltems nvvnvvnfnfnnnvvf

Legend:

v Variable item.
n Fixed item, norm-item.
f Fixed item, not a norm-item.
. Cut-off position (. in the constraint optimization model)
O

The rest of the paper is organized as follows: in Sect. 2, the MDO problem is defined
in more details; in Sect. 3, we present a COP model; in Sect. 4, we describe a custom
search procedure; and in Sect. 5, we show a brief experimental evaluation of some
design choices. Finally, we conclude.

2 Multiplex Dispensation Orders

An MDO is optimal if it fulfills Requirements 1-5 and has minimal cost according to
Requirements 6—-8. Some of these requirements, and their details, may seem arbitrary,
but their purpose is to reduce the risk of an incorrect interpretation of the resulting
histogram.

Definition 1. An item yields anorm-itemif and only if it is fixed, of multiplicity at most
3, and non-coalesced. O

Requirement 1. The MDO must span at least 4 fixed items of each SDO. ad

Requirement 2. The MDO must span at least 1 fixed item after the last variable item
of each SDO. O

Requirement 3. The MDO must span at least 1 norm-item of multiplicity 1 of each
SDO. O

Requirement 4. The MDO must span at least 1 norm-item within 10 dispensations
from each variable item. O

Requirement 5. No variable item may be coalesced with another variable itemO

Requirement 6. For each SDO, the MDO spanning less than 2 norm-items incurs a
penalty of 3. O

Requirement 7. A fixed item coalesced with a variable item incurs a penalty ofi3.

Requirement 8. The MDO incurs a penalty equal to its length. ad
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3 A Constraint Optimization Model

3.1 Introduction

In this section, we will develop a COP model of the multiplex dispensation order gen-
eration problem. In the rest of this section, we will describe SDOs in more detail, some
parameters which can be derived from the SDOs, the constraint variables, the cost func-
tion, and the constraints. Finally, we will describe the search procedure.

3.2 Problem Parameters

We need the following notatiorfs, i) denotes an item with attributes:

s, the SDO in which it occurs

i, the position ins at which it occurs,

nuc(s, i), its nucleotide,

min(s,7) > 0, its minimal multiplicity,

max(s, i) > 0, its maximal multiplicity,

fix(s, ) holds if and only ifmin(s, ) = max(s, 7).

— first(s, ) holds if and only if there is an allele afsuch thaf(s, 7) is the first item
yielding a nonzero peak.

For items(s, ) and(s, j), we have:

— follow(s, 4, j) holds if and only if there is an allele afsuch thats, j) is the first
item yielding a nonzero peak after itefm ).
— nuc(s, i) # nuc(s, j) if follow(s,1,7) holds.

3.3 Problem Variables

Each position in the MDO is calleda@ycle numbered from 1 upward. For each SDO, a
cycle has to be assigned to each item from the leftmost position up to the earliest cut-off
point L admitted by the constraints.

— F > 0is the value of the cost function.

— L > 1isthe last dispensation cycle.

— C(s,i) > listhe cycle that is assigned to ite(s1 7).

— D7 > 1is the cycle in which thé'" dispensation of nucleotide € {A,C,G, T}
occurs. For convenience, we assume thgt = 0. The solution, i.e. the actual
MDO, can be obtained by sorting th®}} by ascending value, and reading the
nucleotide sequence.

— Es,i)(t.5) 18 Lif (s,4) and(t, j) are coalesced, i.€, ;) = C(;,;), and 0 otherwise,
wheres # t.

— Ny, is 1ifitem (s, ) yields a norm-peak, and 0 otherwise (see below).
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3.4 Cost Function
The cost function captures Requirements 6-8.
L+
> {BE(siye) | ~fix(s, i) v ~fix(t, )} +
T 3,0 > { Ny =1
~ | 0, otherwise
3.5 Problem Constraints
Constraints intrinsic to Pyrosequencing.

1. Only items with the same nucleotide can be coalesced.

nuc(s, i) # nuc(t, j) = Cisq) # C,g) 1)
2. The itemsl, ..., n of each SDO must be assigned in ascending order:
Cis1y < Clsp2) < -, foreach SDGs (2)

3. Afirst(s, j) fact expresses the constraint tiiat ;) be the very first dispensation
of nuc(s, 7). Similarly, afollow(s, 7, j) fact expresses the constraint tidat ;) be
the first dispensation afuc(s, j) after cycleC, ;. These constraints model the
Pyrosequencing reaction, prevent invalid multiplex dispensation orders, and form
the link between th€’ ;) and theD;! variables.

first(s, j) = Crs ) = D?UC(S-,J') 3)

follow(s,i,4) = 3k | DS < Cluy < Cloy = DI (8)

4. Anucleotide cannot be dispensed twice in a row. (It could, but it would be pointless,
as the second dispensation would always yield a zero peak.)

DY +2<DyADy+2<DiA---, foreachn € {A,C,G, T} (5)
5. All dispensations occur in distinct cycles.

all_distinct({ D} }) (6)

6. Dispensing past the end of any SDO would cause the reaction to fall off the piece
of DNA being analyzed, yielding nonsensical output.

L < Cy,), for each SDGs with final item @)



Definition of norm-item.

Ny = {(1): gtgéf.\;v)lsge L A fix(s, i) Amax(s, i) <3 A, 5 Eaiyig) =0 ®)

Requirement 1.
L > C(s), for each SDGs with 4th fixed itemi (9)

Requirement 2.
L > Cy,), for each SDGs with last variable item (20)

Requirement 3.
Ji | N5y = 1 Amax(s,i) = 1, for each SDOs (12)

Requirement 4.
Ji | Nisi) = 1 AN |Cis,y — Cis,5| < 10, for each variable itenfs, 5) (12)
Requirement 5The following two constraints are equivalent, but posting both of them

improves constraint propagation:

all_distinct({C's ;) | fix(s,7)}) (13)
Y Ay | ~fix(s,) A —fix(t, 5))} = 0 (14)

3.6 An Earlier Model

Our choice of problem variables is far from obvious, and was not the first one that we
came up with. The”, ;) variables are indispensable, as they are crucial for several of
the constraints. Th®} variables, however, are not: the solution, i.e. the actual MDO,
can be obtained by sorting th&, ;) by ascending value, removing duplicates, and
reading the nucleotide sequence. However, it is awkward at best to express the intrinsic
constraints shown in (3) and (4) in terms(@f, ;) variables only.

In an earlier model, we had:

— Dy variables replaced b, € {A,C, G, T} representing the nucleotide to dis-
pense in thet” cycle, directly encoding the solution.
— (3-6) replaced by:

Kc,, ,, =nuc(s,i), for each item(s, i) (15)
first(s,7) = (Vp > 1:p < C, ;) = K, # nuc(s, j)) (16)
follow(s,i,7) = (Vp > 1: C(s) < p < Cs,5) = Kp # nuc(s, 7)) an

Vi>1:K; # K1 (18)
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The K variables have much smaller domains thanfifjevariables, and so a model
using the former would suggest a much smaller search space in theory. However, with
this formulation too, (16) and (17) are somewhat awkward to express and would prob-
ably require to be implemented as custom global constraints for efficiency. This fact
prompted us to come up with the model usifg variables.

3.7 Implementation Details

The model was implemented using the CLP(FD) library of SICStus Prolog [5]. Most of
the constraints in Sect. 3.5 have straightforward CLP(FD) formulations, but the follow-
ing points are worth noting:

1. Reified arithmetic constraints come in very handy in linking e ;) ;) and
N, variables. A reified constraint has the forne b, wherec is any constraint
andb is a 0/1 variable. It expresses the fact that the valug(bffor true, O for false)
reflects the truth value af

2. An “atleast one” constraint (existential quantifiers in (11) and (12)) is conveniently
expressed using aglement/3  constraint. Suppos€s is the list of ', ;) vari-
ables for givers, andXs is a corresponding list of 0/1 variables, each reflecting the
value N(, ;) = 1 A max(s, i) = 1. Then the two CLP(FD) constraints:

element(l, Xs, 1),
element(l, Cs, Ci)

hold withCi = C|, ;) if there is an norm-itents, i) satisfying Requirement 3.

3. Similarly, the existential quantifier in (4) is expressed as follows, waeiis C' ;),
Cj isC(s,j), andDs is the list ofDZ“C(S’j) variables. Note the use pfL|Ds] in
the third line, which allows for accessing the domain varidbLiéicl(s’j) using the

indexK = k. Note also that the conditiafi, ;) < C(, ;) has already been captured
by (2), and so is not re-expressed here:

Ch #< Ci,
element(K, Ds, Cj),
element(K, [-1|Ds], Ch)

4 Search Procedure

We now present the main features of our search procedure, beginning with the task of
finding feasible solutions, and moving on to the task of finding optimal solutions. In
Sect. 5, we evaluate our design decisions wrt. some experimental data.

4.1 Feasible Solutions

As usual in constraint programming, the search for a feasible solution is done by depth-
first search: each node (choicepoint) in the search tree corresponds to a partially con-
structed MDO where a specific nucleotidés being chosen. Each daughter node corre-
sponds to a specific choice of Whenever the constraint solver detects an infeasibility,

the current branch is abandoned and the search backtracks to the most recent choice-
point. We now describe the specifics of the search.

10
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Variable choice.We use a cycle-based variable order, building the MDO sequentially
from left to right, and stopping when a feasible value fohas been reached. As no
problem variables directly correspond to the MDO, we instead assigijthariables,

in each cycle advancing one of the' arrays. The relevart|, ;) variables get assigned

by constraint propagation. In other words, the assignment effectively simulates the re-
action, which in reality proceeds from left to right.

Value choice.In each cycle we have a choice between at most four nucleotides. The
choice is guided by looking ahead in the SDOs. L.&tnd:’’ be the next two unassigned
items in SDOs. For each nucleotide € {A, C, G, T} we compute:

Ri) = S et ="

0, otherwise

Ra(n) = Z { 1,if nuc(s,i’) =n

0, otherwise

If R1(n) > 0, thenn is a candidate nucleotide for the next cycle. The candidates are
tried in descending order d¢; (n) — R2(n), using aleast recently usedule to break
ties.

4.2 Optimal Solutions

Let “feasible” be a procedure implementing the search for a feasible solution, with or
without a cost bound. It is assumed to compute the cost of that solution. The standard
constraint programming approach to optimization consists in the iterated search for
feasible solutions with successively tighter and tighter cost bound; see Alyelused

this scheme with two modifications, detailed below.

Binary search. Instead of successively tightening the cost bound, we narrowed the
feasible range of the cost in a binary search fashion until it becomes fixed; see Alg. 2.
This was found to sometimes lead to fewer iterations and faster convergence.

Oracles. Since our variable choice is static and our value choice is independent of
the cost function and its bounds, we can follow the approach of Van Hentenryck and
Le Provost [6]. In each iteration of binary search with a tighter upper bound, we use
anoracle or computation path. The oracle mentions, for each cycle, the nucleotide that
was assigned to that cycle in the best solution so far, and any untried choices. The oracle
remains valid as long as we follow its advice. On backtracking to an untried choice, the
oracle is no longer valid. The advantage of using oracles is twofold:

— The oracle guides the search so as to avoid parts of the search space that have
already been exhausted.

— As long as we follow the oracle’s advice, i.e. up to backtracking, we avoid the cost
of computing a value order for the current cycle.

2 The expressiomin(F) yields the current cost lower bound.

11
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The pseudocode for our full search procedure is shown in Alg. 3. Here, the proce-
dure “feasible” has been augmented with an input ora@gwhich remains valid while
the leftmost branch is taken in all choices. Alsfgasible” is assumed to compute an
output oracle encoding the part of the search space that is still unexplored.

PROCEDURE label(F) : (false, true)
Ensure: Fis an output parameter.

1. if feasible = true then

2. F < the current cost value

3: display data about the solution found
4:  return true

5: else

6: return false

7: end if

PROCEDURE opt(F) : (false, true)
Ensure: F'is an output parameter, receiving the optimal cost value on success.
1: if label(Fy) = false then

2:  return false

3: endif

4: while min(F') < Fy do

5. if post F' < Fy Alabel(F1) = true then
6: Fo — F}

7. else

8: F— Fy

9: endif

10: end while

11: return true

Algorithm 1: Optimization

5 Performance Evaluation

In this section, we provide some experimental data supporting our design choices. The
data is presented in four scatter plots (see Fig. 4), each comparing the implemented,
baselinesolution with amutatedversion in which some feature has been changed or
disabled. Each scatter plots shows some points and-amy line. The X and Y coordi-
nates of each point give the runtime in milliseconds of a given problem instance for the
baseline and mutated version, respectively.

In the evaluation, we used 184 random test instances, each consisting of three mul-
tiplexed templates, generated as follows:

— Each test instance consisted of three templates to be multiplexed.

— Each template was 12 nucleotides long and contained at least one polymorphic
nucleotide. Nucleotides were polymorphic with probability 1/12.

— Each test instance was feasible and its optimal solution was found in less than one
minute.

12
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PROCEDURE labelbin(F) : (false, true)
Ensure: F'is an output parameter.

1: if feasible = true then

2. F < the current cost value

3: display data about the solution found
4:  return true

5: else

6: return false

7: endif

PROCEDURE optbin(F) : (false, true)
Ensure: F'is an output parameter, receiving the optimal cost value on success.
1: if labelbin(Fp) = false then

2:  return false

3: endif

4: while min(F') < Fy do

5. if post ' < (min(F) + Fp)/2 Alabelbin(F1) = true then
6: Fo — F

7. else

8: post F' > (min(F') + Fy)/2

9: endif
10: end while

11: return true

Algorithm 2: Optimization with binary search

PROCEDURE labelbinora(Oyg, F, O) : (false, true)
Ensure: F' andO are output parameters.

1: if feasible(Op) = true then

2: F < the current cost value

3: O « the current oracle

4:  display data about the solution found
5. return true

6: else

7. return false

8: end if

PROCEDURE optbinora(F') : (false, true)
Ensure: F'is an output parameter, receiving the optimal cost value on success.

1: if labelbinora([], Fo, Oo) = false then
2:  return false

3: end if

4: while min(F') < Fp do

5:  if post F < (min(F) 4+ Fu)/2 A labelbinora(Og, F1,01) = true then
6: Fo — F4

7. Oo — 01

8: else

9: post F' > (min(F') + Fy)/2
10: endif
11: end while

12: return true

Algorithm 3: Optimization with binary search and oracles

13
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We now present the test results.

Plot no oracle In this plot, the mutated version does not use oracles in the search. All
problem instances were speeded up by using oracles, and the greatest speed-ups were
observed for the more time-consuming instances.

Plot no binary search In this plot, the mutated version uses an iterated search for
feasible solutions with successively tighter and tighter cost bounds. The data shows
that this approach is consistently better than the binary search version, although some
real-life instances are counter-examples.

Plot one-step look-ahead In this plot, the mutated version uses a value-choice heuris-
tic that ignores thek, term. TheR, term has no apparent effect on the test set, but was
noted to sometimes make a difference on real-life instances supplied to us by Pyrose-
guencing AB.

Plot no LRU. In this plot, the mutated version has no LRU rule for breaking ties. It
shows the same lack of effect as the previous plot, but the resulting MDOs on real-life
instances looked better to human experts.

40 T T 40 T
35 <:> B 35 - <:> B
&
30 <:> 4 30 - 4
25 + <:> <:> B 25 - <:> <:> B
Il Il Il Il Il Il Il Il
20 25 38 35 40 20 25 38 35 40
one-step look-ahead no LRU
40 T 40
35 <:> 4 35 F 4
30 4 30 - 4
&
25 <:> 4 25 + <:> 4
4 2o | <:> 4
&
4 15 L 4
] & ]
I I I I I I I

20 25 30 35 40 20 25 30 35 40

no oracle no binary search

Fig. 4. Time in seconds to reach optimality for 184 random instances. Each plot compares the
baseline version with a mutated one.
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6 Conclusion

We have introduced the multiplex dispensation order generation problem, a real-life
combinatorial problem that arises in the context of analyzing large numbers of short
to medium length DNA sequences. We have modeled the MDO generation problem
as a COP. The model has been implemented using the CLP(FD) library of SICStus
Prolog [5], and we comment on the encoding of some of the constraints of the COP
model. A crucial part of the implementation is a custom search procedure, which is
described in detail. Finally, we provide some experimental data supporting the design
choices of the search procedure.

One of the lessons learnt from this study is that different designs of the COP model
(D7 vs. K. variables) can differ a lot in the ease with which the relevant constraints are
expressed. This was a crucial factor in the choice of the model that/2jseariables,
although these have much larger domains and so would suggest a larger search space in
theory.

Another lesson learnt, or reinforced, is that “the devil is in the details” when it comes
to search procedures—a combination of techniques was necessary in order to achieve
good performance.
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Abstract. Constraint satisfaction is becoming the paradigm of choice
for solving many real-world problems. To date, most approaches to con-
straint satisfaction have focused on solving a problem using some form of
backtrack search. Furthermore, the typical view is that a constraint sat-
isfaction problem will be solved only once. However, in many real-world
contexts, problems are solved repeatedly over time. Also, such problems
often exhibit some structure. This motivates the application of some form
of learning to improve the performance of search from previously discov-
ered solutions. In this paper we present an approach that uses knowledge
about known solutions to a problem to improve search. The approach we
present is based on a combination of decision tree learning and constraint
satisfaction. We demonstrate that significant improvements, almost an
order-of-magnitude, in search effort can be achieved using this hybrid ap-
proach over traditional search. We also show that the space complexity
using this approach is almost negligible. This work is of interest in do-
mains such as product configuration, and interactive constraint solving
in general where the system takes the initiative by asking questions.

Keywords: Constraint satisfaction, Decision tree learning, Interactive search.

1 Introduction

Constraint satisfaction has become an important paradigm in Artificial Intelli-
gence over the last 30 years [11, 15]. Informally, a constraint satisfaction problem
(CSP) is defined by a set of variables, each of which has a corresponding set of
possible values called its domain, and the task is to find values for each variable
from its domain so that a set of constraints are satisfied. Constraint satisfac-
tion is applicable to a wide variety of problems arising in scheduling, design,
configuration, machine vision, temporal reasoning and planning [20].

Most constraint satisfaction techniques are based on a combination of infer-
ence and search. The traditional problem addressed by the constraint satisfaction

* This work has received support from Science Foundation Ireland (Grant Number
00/P1.1/C075). Barry O’Sullivan is also supported by Enterprise Ireland under their
Basic Research Grant Scheme (Grant Number SC/02/289).
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community is a CSP that must be solved only once. However, in many real-world
domains, CSPs are solved many times over, for example if the CSP represents an
intensional specification of a set of products available from a commercial web-
site. In such a scenario users present queries to a web-site, possibly responding
to a set of questions presented by the system, representing a set of choices or
desires, and the task is to present a solution that satisfies the query or to report
that none exists. In this context, we can regard the query as a set of unary
constraints that instantiate some subset of the variables in the CSP. The task
of the constraint solver is to decide whether this set of unary constraints can be
extended to a complete solution or not.

In real-world application contexts, such as the one outlined above, the un-
derlying CSP often exhibits some structure in terms of its solution space. For
example, there may be many solutions to the problem that are different only in
terms of a small number of assignments. Specifically, many real-world problems
exhibit some form of interchangeability amongst values [7]; i.e. we may be free
to change one assignment in a solution, holding the others fixed, and still have
a solution. It seems likely in such cases that learning methods can be employed
to take advantage of this structure in order to boost the performance of basic
constraint solving. It is this observation that underpins the work we present here.

In this paper we consider an interactive scenario where users make choices
about some system-determined subset of the variables in a problem and seek
a solution that completes it. For example, imagine a car sales situation where
a buyer states that he wishes to purchase a car having alloy wheels, a driver’s
airbag and a metallic colour'. The task of the sales assistant is to recommend
solutions that satisfy these constraints.

We present an approach that first considers a relatively small number of
solutions of the CSP; these can be found either by search or, as is more likely
in a real-world context, from a catalogue or brochure containing examples of
solutions that are available. Using this set of positive examples (solutions), and
a randomly generated set of negative examples (non-solutions), a decision tree is
induced. This decision tree is processed in a number of ways to give us a variable
ordering for instantiating variables and a source of additional constraints that
can be used to further refine a subsequent search phase in order to find a solution.
Note that in some situations, subsequent search is unnecessary since it can be
proven by the decision tree alone that a solution exists or does not exist. In
terms of the overall result, we demonstrate that close to an order-of-magnitude
reduction in search effort is consistently possible for highly structured problems.

It should be noted that the ordering of the variables is determined by the
system in order to minimize the search effort required to respond to the query.
Therefore, the approach we present is most useful where the system takes the
initiative in an interactive context.

Therefore, the primary contribution of this paper is a novel integration of
machine learning and constraint satisfaction techniques for boosting the perfor-
mance of query answering systems in domains that are representative of many

! 'We choose car configuration as our running example motivated by [1].
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real-world problem classes such as product configuration [1, 17]. This integration,
while providing significant reductions in search cost, comes at negligible space
cost.

The remainder of this paper is organized as follows. Section 2 briefly reviews
the literature on techniques that aim to speed up constraint satisfaction by
exploiting learning. Section 3 presents the details of our approach. In Section 4
we present the experiments we carried out and analyse the results. In Section 5
a number of potential extensions of the work presented here are discussed. A
number of concluding remarks are made in Section 6.

2 Background

One of the significant problems with constraint satisfaction techniques is the
amount of search effort that may be required to solve a problem. Many techniques
have been developed that try to minimize or avoid costly backtracking during
search.

It has long been known that tree-structured constraint problems can be solved
without backtracking [5]. This result has been extended to more general con-
straint networks also [6, 3]. However, these latter approaches are impractical due
to their exponential worst-case space complexity.

Recent work in this area has combined automata theory and constraint sat-
isfaction as a basis for supporting interactive configuration [1]. This approach
essentially compiles a CSP into a form that can be used to answer particular
questions without backtracking. Again, the disadvantage here is that the size
of the automaton can grow exponentially depending on the properties of the
constraint problem being considered.

Recent work on the notion of a general purpose backtrack-free representation
for a CSP has been studied in the context of configuration [8]. This approach
uses a fixed variable ordering to preprocess a CSP. By working in reverse through
the variable ordering, values that could cause a backtrack are removed, so that
backtracking never occurs when the CSP is being solved. The transformed CSP
is called a backtrack-free representation (BFR). Of course, when values are re-
moved, so are solutions. So in this approach the improvements in search efficiency
come at the expense of lost solutions. While this is not acceptable in many do-
mains, it is reasonable in some others where a solution needs to be found very
quickly.

An alternative approach to improving the performance of search is the no-
tion of nogood recording [18]. Nogoods are justifications of why particular in-
stantiations of variables are inconsistent. By recording nogoods during search,
backtracking can be minimized by exploiting this knowledge as search continues.
Note that this is a form of learning.

In this paper an approach to improving the search for a solution is developed
by relying on the inherent structure in the problem as a basis for learning how to
characterize solutions. As we shall see, the proposed approach learns by inducing



a decision tree from examples and then relies on this as a basis for boosting search
in the original CSP.

Decision tree learning is a standard machine learning technique for approx-
imating discrete-valued functions [14, 13]. Decision trees make classifications by
sorting the features of an instance through the tree from the root to some leaf
node. Each leaf node provides the classification of the instance. At each node a
test on some variable is performed, and each branch descending from that node
corresponds to a possible outcome for that test. Upon reaching a leaf node a
classification is made.

Decision tree techniques have been used by some researchers to reduce the
length of dialog in interactive systems [4,12]. However, note that here the pur-
pose is different. We are focused on speeding up the process of answering a
specific query in the context of system-initiative interaction.

The advantages of this approach are that we can regard the decision tree
itself as a data structure, analogous to the principle underlying automaton-based
approaches discussed above, but without the risk of incurring an exponential
space cost, since we can bound the input to limit the size of the decision tree.
Also, the decision tree can be seen as having some of the advantages of BFRs,
specifically, an improvement in search cost, but without the penalty of solution
loss. In the following section the details of our approach will be presented.

3 Boosting Constraint Satisfaction using Decision Trees

We present an approach to boosting the performance of search in an interactive
context. We consider a limited form of interaction where a user constructs a
query by making choices about some variables in the form of unary constraints.
The task of the system is then to find a solution based on the user’s query. If
a solution is found it is presented to the user, otherwise he is notified that no
solution exists.

The baseline in this work is a standard constraint solver, using inference
and a good general-purpose heuristic. However, given that many real-world do-
mains have structured solution spaces, we consider a combination of learning
and constraint solving. Our approach involves inducing a decision tree from a
set of solutions and non-solutions to the CSP we wish to interact with. Using
this decision tree we extract a static variable ordering based on the occurrence
of each variable in the tree. Users specify their queries based on this ordering of
the variables.

3.1 Decision tree construction

In order to construct a decision tree, we need a number of exemplars of both
‘classes’ to be discriminated: solutions to the CSP (positive examples), and coun-
terexamples — that is, fully instantiated tuples that are not solutions to the CSP.

Without making any strong assumptions about any model of the user, or
wishing to too strongly reflect the structure of the problem, we wished to take
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a sample of positive examples on an equiprobable basis from the totality of all
solutions. For experimental purposes this was done by enumerating all solutions,
and randomly selecting from those. Where in occasional cases the problem had
less than the required number of solutions in total, the number of seeds was
necessarily reduced. Part of the motivation for varying the number of seed solu-
tions was to investigate the possible feasibility of a more sophisticated learning
behavior being included in future development of this technique. Using this ex-
perimental variable allowed is to avoid the complications of assuming a particular
user model, or of including incremental training of the tree without having first
established an actual benefit.

Obtaining the negative examples is straightforward, as they represent for
our chosen domain the considerable majority of the solution space, and can thus
easily be generated randomly. The main remaining issue is how many of them to
include in the training set; intuitively it seems reasonable to ‘train’ the system
on more negative than positive examples, so as to get adequate discrimination of
the latter in the tree. Equally, it is pragmatically necessary to bound the number
of negative examples, as while they may have only a relatively small effect on
the size of the final decision tree, a huge training set would adversely effect the
performance of the tree construction algorithm. Somewhat arbitrarily, we have
chosen throughout to use three times as many negative as positive examples in
our set. Note that due to the nature of the tree construction algorithm, that
works on sets of complete tuples and associated classifications, we cannot make
direct use of ‘nogoods’ in the CSP sense, that is, partial tuples of which all
possible extensions are inconsistent.

We construct decision trees using ITI, or Incremental Tree Inducer [19]. Con-
trary to the name, we use this software in a non-incremental or direct metric
mode. Specifically, the tree is rebuilt in order to minimise a given criterion, in
our case tree size. Tree size is critical in two senses: we are concerned that our
(partial) representation of the CSP does not itself use an unacceptably large
amount of space, and secondly the tree size will have an impact on the expense
of decision-tree based search.

In the context of constructing the tree strictly in an off-line sense, and doing
so only once for a whole training set, the considerable computational cost of
doing this can be rationalized. However in other circumstances a trade-off may
exist; in particular if instances become known gradually over time, and it is
desirable to incorporate them in the decision tree, using the incremental facility
may be more desirable for efficiency reasons. (The possibility still exists of using
the direct metric restructuring periodically.)

3.2 Tree lookup

Given the above, we have constructed a binary tree where internal nodes rep-
resent (unary) comparisons on CSP variables, and the leaf nodes classify the
variable instantiations corresponding to the path taken to reach it as (presump-
tively) satisfiable, or unsatisfiable. We can now ‘look up’ a partial tuple in the
tree in the following manner: at each internal node, a variable is examined; if
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that variable is assigned in the query tuple, we simply take the left or right
branch according to whether the test on that value is verified or falsified. If the
variable is not assigned in the query, we must consider both subtrees, accumu-
lating different unary constraints in each case corresponding to the test in the
node.

Thus in general we obtain a set of leaf nodes, each associated with a number
of additional constraints, and a positive/negative judgement. We then solve in
turn the sub-problem associated with each positive node, stopping as soon as we
find one that is soluble (note that any assignments in the query not considered
in the decision tree lookup phase must be satisfied in the subsequent search
phase); if we find none, then we repeat the process on the negative-judged leaves
similarly. This last is necessary to achieve accurate results as a presumptively
negative region of the solution space may not in fact be solution-free, but simply
lack a solution in the training set.

We account for the cost of lookups in terms of aggregated checks: each con-
straint check in each sub-problem is summed, together with the ‘decision tree
checks’, that is simply the number of internal nodes traversed in reaching all
relevant leaves.

3.3 Tree purification

In early experiments we observed that when the query was unsatisfiable, the
results were consistently poor. This is due to the nature of the information
encoded in the tree: while on the one hand, when we find a solution we can
stop at once, if we do not, we must exhaust every leaf node in the sub-tree
corresponding to the query, performing a search for each sub-problem. In general
this is clearly less efficient than simply performing a single such search. In order
to improve on this, it is evidently necessary to encode negative information in
some way: to wit, which sub-problems are certain not to be soluble. In order to
do this, we construct the tree as previously described, and then post-process it,
as follows.

Having built a tree consistent with the given examples, we then analyze each
negative node to determine if there is any extension of that node’s path leads to
a solution in the problem at large. If there is not, we can label this node to so
indicate: it is a ‘definite negative’ node. The consequences of this are that we can
entirely eliminate such nodes from consideration when we encounter them while
processing a query, and that if only one such node is found, we may immediately
conclude. If the subproblem is in fact soluble, we leave the node’s annotation
unchanged, and treat it subsequently exactly as we previously did all negative
nodes. We do not add any solution found in this process to the tree, i.e. to the
training-set used to build it, as this would require ‘splitting’ of an existing node,
with furthermore no guarantee that the resultant new negative node would itself
be ‘pure’.

Similar considerations do not arise with respect to the positive nodes; we
make no attempt to verify that all of the tuples consistent with a given tree path
correspond to solutions, as this would occur extremely rarely, and give us very
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little query improvement, on anything other than massively underconstrained
problems.

3.4 Query selection

A further consideration is the suitability of the query for the particular tree that
happens to be constructed. In a second experiment with ‘purified’ trees, and
arbitrary selection of query variables, results were still poor. On closer exami-
nation, it was clear that there was a considerable variance between queries that
happened to correspond to the order variables were inspected in the tree, and
those where the variables were ‘low down’ in the tree — or in extreme but not
unlikely cases, not present at all in the tree. In such cases the number of nodes,
and hence sub-problems, to be considered becomes large, and the performance
consequently much worse, than if a ‘good’ choice of variable is made, and a small
number of sub-problems is reached — ideally only one.

We considered two variations on a possible remedy for this; firstly, that we
would use the tree directly to determine the order in which variables would be
given values. (And thus, which variables are assigned a priori, for a query of a
given length.) That is, given a value for the variables examined in the root node
of the tree, then whichever variable we encounter consequent to that choice, etc.

Secondly, we considered a static approximation to the above. Assuming each
value for each variable arises with equal probability, we calculate the most likely
order for variables to be encountered in, given previous choices of instantiated
variables. This is somewhat different conceptually in that it can be presented as
a static variable ordering, with the choice of that variables need be instantiated
done prior to any examination of the tree for a particular query.

Small-scale experiments revealed very little difference between these approaches,
and a considerable improvement with both. For the somewhat larger-scaled ex-
periments reported here, we chose to use only the ‘static’ order, that in principle
is the weaker of the two in terms of improvement, but is a more natural ap-
proach in many query-based systems where a fixed set of questions is presented
to a user.

In this instance, we began with the decision tree it was possible to construct
with minimal size, and then used that to determine the nature of the queries con-
sidered, corresponding therefore to a ‘system initiative’ model. Equally however,
had we prior knowledge of which queries were to be considered, or more likely
to be considered, we could have used that information to guide construction of
the tree.

4 Experiments and Evaluation

4.1 Setup

Problem sets. Given that our motivation lies in the realm of configuration
and other similar problems, we sought to generate problems that were in the
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first instance soluble, and secondly had a somewhat large number of solutions,
ideally without being trivial to solve.

We consequently chose to look at problems with number of solutions expected
to be in the region of thousands or tens of thousands, and having generated these,
excluded those that were insoluble, and those that had many more solutions
(greater than 100,000).

For our application domain, problems will typically be relatively sparse (have
a low proportion of the maximum number of constraints possible) and less tight
(allow many consistent assignments of values to variables). However, we did not
wish to restrict our attention to such problems, and thus included a range of
densities, each coupled with an associated tightness value to give ‘solubility’
values, as per Table 1. All problems had 30 variables with 10 domain values for
each.

Table 1. Problems used in our experiments.

density (number of constraints)|[37 |50 |65 |86 {117|167|268
tightness 0.8/0.7|0.6/0.5|0.4 [0.3 0.2

The problem generator. We used the problem generator of Zou et al [21,2]. In
addition to the conventional parameters of problem size, tightness, and density,
an additional value is given to control the degree of interchangeability [7] of the
problem, in the following sense: the induced degree of fragmentation (IDF) of a
constraint measures the number of equivalence classes a binary constraint has
with respect to one of its variables. This is thus a form of NIg, Neighbourhood
Interchangeability per constraint [2,10]. The Zou generator yields a problem in
which each constraint has the specified IDF.

Reference solver. In order to conduct our experiments, a baseline solver is re-
quired. Similarly, having identified sub-problems from the decision tree, we must
have the facility to solve those. To some extent therefore, we can remove some
possible bias from any comparison by using the same solver in each case, thus
getting a relatively ‘like with like’ comparison modulo the cost of the decision
tree itself that was anticipated (and proved) to be relatively low. (We equate
decision tree tests and constraint checks one for one, conservatively, since the
former are the more atomic of the two.)

Two of the most common algorithms used to solve CSPs are forward-checking
(FC) [9] and maintain arc-consistency (MAC) [16]. We chose to use a solver with
FC, on the basis of some early experiments where we found that FC outperforms
MAC on problems with numbers of solutions in the range we were concerned with
— that is, some way away from the peak of difficulty. We used minimum domain
over forward degree as a variable ordering heuristic, and lexicographically chose
values from within each domain.
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Experimental parameters. We conducted experiments over a range of prob-
lems, with 30 variables, domain size of 10, and with the range of tightness and
density noted earlier in this section. We chose the practicable extrema for val-
ues of IDF: the maximum is the domain size, 10, and the minimum we found
in practice that could be reliably generated over this range of parameters, of
IDF=3 (corresponding to the greatest degree of interchangeability). For each
parametric point, 20 problems were generated with the required characteristics.
We conducted each experiment with 10, 100, and 1000 positive seeds, in turn. As
already noted, we have chosen throughout to use three times as many negative
seeds as positive ones. Query sizes of 1, 2, 3, 5 and 7 were used successively, and
for each of these 1000 such queries were generated.

4.2 Discussion of the Results

The results of our experiments are presented in Figure 1. We present a graph for
each query length. The x-axis in each case presents the number of constraints
in the problem, the y-axis represents the saving in the number of constraint
checks required to find a solution satisfying the user’s query or proving that
none exists. The improvement per query is measured as the difference between
the totals checks required in each case, divided by the greater of the two numbers
to give a properly scaled fractional improvement measure:

. ccs — CCy

improvement = ———
maz(ccs, ccy)

where ccs is the number of constraint checks required by the constraint solver
alone, and cc; is the number of constraint checks required by the hybrid decision
tree and constraint solver approach.

From this we take the arithmetic mean over every query for each problem to
obtain the improvement per problem. We plot the median of the means over all
problems.

It is clear from these graphs that for high interchangeability (that is, nu-
merically low values of IDF) our improvement is relatively consistent, and high
throughout, essentially independently of both remaining problem parameters
and query size. We consider this significant, as in many senses such problems
are more characteristic of ‘real’ problems than are purely random ones. Even
for low interchangeability problems (i.e., high IDF) we still see consistently high
improvements for the lower half of the density/tightness scale, and for the very
highest such point.

The number of solutions used to build the tree has little impact throughout.
This has implications for a more explicitly learning-based approach, in that is
seems to indicate we may be able to get the bulk of the possible improvement
for relatively little initial cost in learning, at least where the ‘training examples’
have in some sense good coverage of the whole problem space (as here tends to
be the case due to random selection).

The only consistent feature of the effect of the number of examples, is that
we can see a consistent deterioration in performance for the largest number of
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Fig. 1. Median fractional improvement in constraint checks by using the decision
tree approach against the baseline constraint solver (forward checking using min-
domain/forward degree as a variable ordering heuristic).
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constraints in each graph in Figure 1. However, once the number of examples
used to build the tree is increased, this effect is no longer present.

One of the most dramatic features of our results is the size of the decision
tree that we acquire in these problems. Figure 2 presents the median tree size,
expressed as the number of internal nodes in the tree, for each problem-set.
Clearly, problems with high interchangeability have consistently small decision
trees. Recall that these trees give us an almost consistent order-of-magnitude
improvement in search cost. On the other hand, problems with low interchange-
ability require larger trees, and increasing the number of solutions used to build
such trees makes matters worse, particularly for problems with larger numbers
of constraints. This is to be expected, of course, since when the solutions to
a problem exhibit high amounts of interchangeability, fewer tests on variables
are required to correctly classify the training data. Therefore, in the context
of real-world problems, that often have high interchangeability amongst their
solutions, the approach presented here gives a very small data structure that
provides significant savings in search effort.

purified tree sizes
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Fig. 2. The median sizes of the decision tree used for each problem-set.

In terms of the motivating scenarios outlined at the outset, these results are
extremely positive. At the cost of finding a number of solutions to a large prob-
lem, and using a restricted ordering of the variables when constructing queries,
significant reduction in search effort can be obtained. In an interactive context
these results are very significant since response time can be reduced by almost
an order-of-magnitude. Speed-of-response is the critical issue when dealing with
any form of interactive system.
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5 Extensions

In this paper we have focused on introducing a new approach to solving con-
straint satisfaction problems in a restricted interactive context. The primary
objective here was to show that finding a solution using the hybrid approach of
using a decision tree as a first-phase of search was fruitful. Having established
that result, there are a number of directions in which we can take this work,
some of which we discuss briefly here.

By varying the number of seed solutions used to build the decision tree, we
have seen that there is evidence that supports the hypothesis that learning over
time (using more solutions) can improve performance. However, as we saw, only
marginally so after some point: the utility we received by increasing the number
of seed solutions from 10 to 100 was more than for 100 to 1000. Therefore, all
this shows at the moment is that we can benefit quite a lot from a small amount
of learning. In the future, it would be interesting to study the particular choice
of seed solutions to be used when building the decision tree. In particular, if we
initially constructed the decision tree on a random basis with a small number of
solutions, but could characterize good solutions to queries that should be used
to modify the tree, we may find that we can get even better improvements in
search with even smaller trees.

Furthermore, we have discussed how our results improved when we could
identify pure negative leaves in the decision tree when processing a query. In
a similar fashion we can associate an example solution with each positive leaf
node in the tree. This will help improve the speed with which we can answer
queries in which all user-specified constraints have been considered upon reaching
a positive leaf. We have not studied this enhancement in the experiments we
have presented here since we did not want to complicate the discussion with
considerations related to the storage of solutions.

Another important direction, is to use the purified decision tree that we use
here as a classifier for user queries. Currently, we use both the decision tree and
a constraint solver to find a solution to a user’s query. Therefore, we are always
guaranteed to find the correct answer: either a solution exists that satisfies the
query and we find it, or none exists and we discover that. This completeness
comes from the fact that we resort to search when there is ambiguity. Another
direction that we could consider, of course, is to only rely on the decision tree for
solving the decision problem. Specifically, in many applications a user just wants
to know if a solution exists that satisfies a query or not. We could simply rely
on the decision tree for this task, if we are prepared to accept some number of
incorrect classifications. For example, for a given query, if the decision tree has
a positive leaf node (classifying a query as having a solution) having considered
every unary constraint in the query, then this is sufficient to report that there is
at least one solution to this query and that the decision problem has a positive
outcome (a solution exists). On the other hand, if we reach a purified negative
leaf node, then the decision problem is solved in the negative (a solution does
not exist). Reaching an ‘impure’ negative node we cannot be certain whether or
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not a solution exists, but we have some confidence in committing to a particular
decision.

This latter extension can be very useful in many real-world applications where
only the existence or non-existence of a solution is required. Given the sizes of
decision trees we have observed above, this is a facility that could be provided
with very low overhead.

6 Conclusions

In this paper we have presented an approach that uses known solutions to a
problem to improve search. The approach we present is based on a combination
of decision tree learning and constraint satisfaction. We demonstrated that close
to order-of-magnitude improvements in search effort can be achieved using this
hybrid approach over traditional search. Furthermore we have shown that the
space complexity using this approach is almost negligible.

The approach is limited to scenarios where the system takes the initiative by
asking a user to provide choices for a particular subset of the variables in the
problem. We are currently studying ways of relaxing this restriction.

Based on the positive preliminary results we have obtained here, we will be
studying our approach in the context of real world configuration problems, as
well as in other interactive problem-solving contexts.
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Abstract. We propose an improved restart strategy for randomizedtizatk
search and compare its performance to other search mestwinishe context of
solving a tight real-world resource allocation problemeThstart strategy pro-
posed by Gomes et al. [1] requires the specification of a tuaifie determined
from an overall profile of the cost of search for solving thelgem. When no
such profile is known, the cutoff value is chosen by trial-anr. Walsh pro-
posed the strategy Randomization and Geometric RestaR{R@ich does not
rely on a cost profile but determines the cutoff value as atfonof a constant pa-
rameter and the number of variables in the problem [2]. Unifiese strategies,
which have fixed restart schedules, our technique (RDGRamhjcally adapts
the value of the cutoff parameter to the results of the searobess. We empir-
ically evaluate the performance of RDGR by comparing it asad number of
heuristic and stochastic search techniques, including RGiRg the cumulative
distribution of the solutions. We compare the performanftBR@R and RDGR
over different run-time durations, different values of thaoff, and for differ-
ent problem types (i.e., a real-world resource allocatia@blem and randomly-
generated binary constraint satisfaction problems). Véavshat distinguishing
between solvable and over-constrained problem instanaagrireal-world case-
study yields new insights on the relative performance ofsarch techniques
tested. We propose to use this characterization as a basisifding new strate-
gies of cooperative, hybrid search.

1 Introduction

We apply Constraint Processing techniques to model ané sioévassignment of Grad-
uate Teaching Assistants (GTA) to courses in our departriidetidea of this applica-
tion was first found on the web-page of Rina Dechter. This isteal and arduous task
that the department’s administration has to drudge threnghy semester. By focusing
our investigations on this particular real-world applioat we have been able to iden-
tify and compare the advantages and shortcomings of theussearch strategies we
have implemented to solve this problem. Such an insightlikely to be gained from
testing toy problems, and surely difficult from testing ramproblems. We believe that
the identified behaviors apply beyond our application aeccarrently working on test-
ing this hypothesis. The contributions of this paper aremlsews: (1) The development
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of a new dynamic restart strategy for randomized backtraekch, and (2) an empir-
ical evaluation of the performance of this new strategy amsraparison with other
heuristic and stochastic search techniques on a real-wooldlem and on randomly
generated binary CSPs.

This paper is structured as follows. Section 2 describe&the assignment prob-
lem and our implementations of a backtrack search, a loeatbeand a multi-agent
search technique for solving it. Section 3 introduces ow p@posed dynamic restart
strategy for randomized backtrack search and our implestientof Walsh’s restart
strategy [2]. Section 4 presents our experiments and owredtons. Finally, Section 5
concludes the paper and provides directions for futurearebe

2 GTA Assignment Problem

Given a set of graduate teaching assistants (GTAs), a setun$es, and a set of con-
straints that specify allowable assignments of GTASs to sesirthe goal is to find a con-
sistent and satisfactory assignment [3—6]. Hard condgrééng., a GTA's competence,
availability, and employment capacity) must be met, and '&pleferences for courses
(expressed on a scale from 0 to 5) must be maximized. Typjesiery semester, the de-
partment has about 70 different academic tasks and candtineebn 25 and 40 GTAs.
Instances of this problem, collected since Spring 2001 cansistently tight and of-
ten over-constrained. Howevehjs is not known a prioti The objective is to ensure
GTA support to as many courses as possible by findingaaimal consistent partial-
assignmentBecause the hard constraints cannot be violated, the ggrobannot be
modeled as a MAX-CSP [7]. We provide a constraint model of hioblem by repre-
senting the courses as variables, the GTAs as domain valnéshe assignment rules
as a number of unary, binary, and non-binary constraintsd&fiae the problem as the
task of finding the longest assignment, as a primary criteidmd maximizing GTAS’
preferences, as a secondary criterion. (We model the kttre value of the geometric
mean of GTAs’ preferences in an assignment.) We implemeatedmber of search
strategies for solving this problem, which we summarizeWwelThese are a heuristic
backtrack search (BT) with various ordering heuristicsyeedy local search (LS), a
multi-agent-based search (ERA), and a randomized ba&ksearch with two restart
strategies (RGR and RDGR). All strategies implement the@bmo optimization crite-
ria, except ERA, which models the GTA assignment problemsagiafaction problem.
We tested these search techniques on the real-world datafsmvn in Table 1. Each
course has a load that indicates the weight of the courseexample, a value of 0.5
means this course needs one-half of a GTA. ithal load of a semester is the cumula-
tive load of the individual courses. Each GTA has a capaeitydr which indicates the
maximum course weight he/she can be assigned during thessamEehe sum of the
capacities of all GTAs represents ttogal capacity

Below, we review the search techniques to which we compareew dynamic
restart strategy. These search techniques were implecthepfzarately by students,
competing to produce the best results.
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Data set Spring2001hbFall2001hFall2002Fall2002-NRSpring2003Spring2003-NP
Reference 1 2 3 4 5 6
Solvable? X 4 X X Vv Vv
#Courses (#variables 69 65 31 59 54 64
#GTAs (domain size) 26 34 28 28 34 34

Total capacity 26 30 115 27 275 31

Total load 29.6 29.3 13 29.5 27.4 30.2
Ratio = TofalCapacity 0.88 1.02 | 0.88 0.91 1.00 1.02

Table 1.Characteristics of the data sets.

2.1 Heuristic backtrack search

Our heuristic backtrack (BT) search is a depth-first searith ferward checking [8].
Because the problem may be over-constrained, we modifieblatle¢rack mechanism
to allow null assignments and proceed toward the longesitisal in a branch-and-
bound manner (i.e., backtracking is not performed when aaiioia wiped-out as long
as there are future variables with no empty domains). Ouldmentation is described
in detail in [4]. Note that adding dummy values to deal witleeeonstrained instances
is a bad choice in our context as it increases the branchatgrf@vhich is already too
large) and consequently the worsens the thrashing behavior

We have also implemented several variable and value oglémuristics to im-
prove the performance of search. For variable ordering w#eémented two heuristics
for choosing the most constrained variable first: least doraad ratio domain size to
degree. We applied these heuristics both statically Gezjuence of variables is deter-
mined before search and not modified thereafter) and dyradiy(ce., the next variable
is chosen after each instantiation). For value orderingtested 3 different heuristics:
random ordering, and sorted by preference and by occurfesmpgency in the domains.
The combination of these heuristics yielded 12 orderingtstiies. Our experiments
showed that dynamic variable ordering is consistently sapéo static ordering, but
that the influence of the other factors is not significant em¢bntext of our application.

Furthermore, all these strategies exhibited a seriousvahility to thrashing, which
seriously undermined their ability to explore wider aretthe search space. Indeed, al-
though BT is theoretically sound and complétes size of the search space makes such
guarantees meaningless in practi¢égure 1 illustrates thrashing for a problem with
69 variables and 26 values. Here, the percentag&i®er C;fu‘gg‘e‘“*rbﬁswiﬁ‘jggzvc“ level |
Indeed, the shallowest level of backtrack achieved aftend@4s (26%) is not 5|gn|f|-
cantly better than that reached after 1 minute (20%) of seaever revising the initial
assignment of 74% of the variables. Figure 2 shows, for eath skt, the number of
variables, the longest solution (max depth), and the slvabBT levels in terms of the
level and the percentage of backtracking in the search ttei@ed after 5 minutes and

6 hours.
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Data| # BT running for..

Shallowest level o set |Vars 5 min 6 hours
reached by BT after.. "E i Max |Shallowest Max [Shallowest
2o depthlevel % ||depthlevel %
E 3 1|69 57 |53 23%| 57 | 51 26 %
24 hr: 51 (26%)—», z|g 2 | 65| 63 |55 15%| 63 | 54 16 %
1 min: ggp(t%@g 3 [ 31| 28|13 58%|| 28 | 3 90%
’ Y 4 | 59| 49 | 48 18%|| 50 | 45 23 %
5 | 54| 52|44 18%| 54 | 41 24 %
Fig. 1. BT search thrashing in large search 6 |64 62|54 15%] 62 | 47 26%
spaces. Fig. 2. BT search thrashing.

2.2 Local search

Zou and Choueiry designed and implemented a greedy, loaedls€LS) technique to
solve the GTA Assignment Problem [9-11]. It is a hill-climbisearch using the min-
conflict heuristic for value selection [12]. It begins witlk@mplete, random assignment
(not necessarily consistent) and tries to improve it by givaminconsistent assignments
in order to reduce the number of constraint violations. Tifescés of consistent assign-
ments are propagated over the domains of the variables mgtmsistent assignments.
This design decision effectively handles non-binary caists. Also, the local search
is greedy in the sense that consistent assignments are dohenMoreover, a random-
walk strategy is applied to escape from local optima [13]thvéi probability(1 — p),
the value of a variable is chosen using the min-conflict Istieriand with probability
p this value is chosen randomly. Following the indication$1#], p = 0.02 is used.
Finally, random restarts are used to break out of local agtim

2.3 ERA model

Zou and Choueiry also implemented a multi-agent-basedsdar solving the GTA
Assignment Problem [9-11]. Liu et al. [14] proposed the ERgodthm (Environ-
ment, Reactive rules, and Agents), a multi-agent-basediséar solving CSPs. Each
agent represents a variable. The positions of an agent EntisonmentE correspond
to the values in the domain of the variable. First, ERA plabesagents randomly in
their allowed positions in the environment, then it consideach agent in sequence.
For a given agent, it computes the constraint violationsamheagent’s position. An
agent moves to occupy a positiareo position ) that does not break any of the
constraints that apply to it. If the agent is already ire#io position , ho change
is made. Otherwise, the agent chooses a position to movedahoice being deter-
mined stochastically by the reactive ruldg)( The agents keep moving until they all
reach azero position (i.e., a full, consistent solution) or a certain time perias
elapsed. After the last iteration, only the CSP variableegponding to agents iero
position  are effectively instantiated. The remaining ones remaiasaigned (i.e.,
unbounded). This algorithm acts as an ‘extremely’ decémém local search, where
any agent can move to any position, likébrcing other agents to seek other positions
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This extreme mobility of agents in the environment is thesogefor ERA'S unique im-
munity to local optima, as uncovered by the experiments #1]9. It is indeed the
only search technique to solve instances that remain uedddy any other technique
we tested. Zou and Choueiry also uncovered the weaknessfAdbBRver-constrained
problems, where a deadlock phenomenon undermines itditstabsulting in particu-
larly short solutions. However, it has been shown that thisnqmmenon can be advan-
tageously used to isolate, identify, and represent cosilich compact manner.

3 Randomized BT search with restarts

Unlike ERA and local search, general backtrack (BT) seaeshthe nice property of
being complete and sound. However, the performance of $steuBT proved to be
unpredictable in practice and seriously undermined bystiirg (i.e., searching un-
promising parts of the search space). Thrashing can beiegglay incorrect heuristic
choices made early in the search process, and forces BThaeaxplore large ‘barren’
parts of the search tree. As the problem size increasesfféutseof thrashing become
more important, and the performance of search dramatidaityeases. Another ma-
jor problem is the high degree of unpredictability in the-time of BT over a set of
problem instances, even within the same problem type. Gahak [1] noticed that
this run-time can be often modeled by a heavy-tailed distidm. They proposed to use
randomization and restart strategies to overcome thigatming of systematic search.
First we review the main concepts, then we describe the tategfies that we tested.

Gomes et al. [1] demonstrated that randomization of héaristoices combined
with restart mechanisms is effective in overcoming theat&ef thrashing and in reduc-
ing the total execution time of systematic BT search. Thrasin BT search indicates
that search is stuck exploring an unpromising part of theckespace, and thus inca-
pable of improving the quality of the current solution. Ithenes apparent that there is
a need to interrupt search and to explore other areas of #hetsgpace. It is important
to restart search from a different portion of the search spaiherwise it will end up
traversing the same paths. Randomization of branchingdsgarch is used to this end.
Randomness can be introduced in the variable and/or vatlexring heuristics, either
for tie-breaking or for variable and/or value selectiontekfchoosing a randomization
method, the algorithm designer must decide on the type ¢anteechanism. This
restart mechanism determines when to abandon a particuland restart the search.
Here the tradeoff is that reducing the cutoff time reducespitobability of reaching a
solution at a particular run. Several restart strategige baen proposed with different
cutoff schedules. Some of the better known ones are the @intaft strategy and Luby
et al.’s universal strategy [15], the randomization andd-apstart (RRR) of Gomes et
al. [1], and the randomization and geometric restarts (R&RYalsh [2]. Among the
above listed restart strategies, RRR and RGR have beerdtadd empirically tested
in the context of CSPs. All of these restart strategies aticgh nature, i.e. the cutoff
value for each restart is independent of the progress matiegdsearch. Some restart
strategies (e.g., fixed-cutoff strategy of [15] and RRR @f)ploy an optimal cutoff
value that is fixed for all the restarts of a particular probiastance.
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However, the estimation of the optimal cutoff value regsi@epriori knowledge of
the cost distribution of that problem instance, which is krmdwn in most setting and
must be determined by trial-and-error. This is clearly rmactical for real-world appli-
cations. There are other restart strategies that do notarged priori knowledge (e.qg.,
Luby et al.’s universal strategy [15] and Walsh’s RGR [2]h€eV utilize the idea of an
increasing cutoff value in order to ensure the completeoktbe restart strategy. How-
ever, if these restart strategies do not find a solution irirthi@l few restarts, then the
increasing cutoff value leads to fewer restarts, which miajdythrashing and dimin-
ishes the benefits of the restart strategy. We propose atrssttegy that dynamically
adapts the cutoff value for each restart based on the peafurenof previous restarts.
We do this at the expense of completeness. We also implethB:@G& and empirically
compared it with our dynamic restart strategy.

3.1 Randomization and Geometric Restarts

Walsh proposed the Randomization and Geometric RestaBR)Rtrategy to automate
the choice of the cutoff value [2]. According to RGR, searchogeds until it reaches
a cutoff value for the number of nodes visited. The cutofiueafor each restart is a
constant facton;, larger than the previous run. The initial cutoff is equathte number
of variablesn. This fixes the cutoff value of thé" restart atr.»* nodes. The geometri-
cally increasing cutoff value ensures completeness wéthtpe of solving the problem
before the cutoff value increases to a large value. We sluwdieious values of and
report them in this paper. We combined this restart stratégythe backtrack search
of Section 2.1, randomizing the selection of variable-ggiairs.

3.2 Randomization and Dynamic Geometric Restarts

We now introduce a simple but effective improvement to RGRtiSrestart strategies
suffer from the problem of increasing cutoff values aftestegestart. While this ensures
completeness of the search, it results in fewer restaus,ititreasing the likelihood of
thrashing and diminishing the probability of finding a sauat Our proposed strategy,
Randomization andynamicGeometric Restarts (RDGR), aims to attenuate this ef-
fect. It operates by not increasing the cutoff value for thikofving restart whenever
the quality of the current best solution is not improved upaten the current restart
improves on the current best solution, then the cutoff vaduecreased geometrically,
similar to RGR. Because the cutoff value does not necegsadtease, completeness
is no longer guaranteed. This situation is acceptable itiGgtipn domains (like ours)
with large problem size where completeness is, anywayasilide in practice. Smaller
cutoff values result in a larger number of restarts takirgcplin RDGR than RGR,
which increases the probability of finding a solution. Alhet implementation details
are similar to RGR.

Let C; be cutoff value for thé&" restart and be the ratio used to increase the cutoff
value. In RGR the cutoff value is updated according to theagqn: C; 1 = r.C;. We
use the following equation in RDGR:

1)

= r.C; when the solution has improved at té restart
*+1 7\ ¢, otherwise
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In RGR, the cutoff value for each restart is determimetependentlpf how search
performed at the previous step. However, this is not the tasBDGR. Each time
search begins with a different random seed, it traversdsrdift search paths. Some
paths may be more fruitful than others. RGR and RDGR follogvdame cutoff sched-
ules for search paths that improve solutions. When this tsthe case, RGR cutoff
values keep on increasing, thus making RGR more of a randohiZ search than a
randomized BT search with restarts. In contrast, RDGR kesefusf at smaller values.
This explains the dynamic nature of RDGR. For problems thanat tight, solutions
are found within a few restarts. In such cases, RGR and RDGibi¢similar behav-
iors. For tight and over-constrained problems, RDGR seentominate RGR as we
show in our experiments (Section 4).

4 Experiments and results

We tested and compared the above listed 5 search strategiasly: BT (Section 2.1),

LS (Section 2.2), ERA (Section 2.3), RGR (Section 3.1), abf3R (Section 3.2). BT

is deterministic and the other 4 search techniques (i.e. HFA, RGR, and RDGR)

are stochastic. In the terminology introduced by Hoos aridzt&t in [16], these are
optimization Las Vegas algorithms, RGR is probabilisticapproximately complete

(PAC), and LS, ERA, and RDGR are essentially incomplete. &étetl these search
techniques on the 6 real-world data-sets of the GTA AssigrirReoblem shown in

Table 1. Three of the data sets (1, 3, and 4) are over-consttaand the remaining
ones (2, 5, and 6) are tight but solvable. Table 2 shows tHenpeance of BT on data
set 1 for various run times.

Data set 1(69 variables, over-constrained)

CPU run time | 30se¢ 5 min| 30 min 1 houl 6hours 24 hour$
Shallowest BT level 54 53 52 52 51 51
Longest solution 57| 57| 57| 57| 57| 57|
Geometric mean of 2.15 2.17 2.17 2.21 2.27 2.27
preference values

# Backtracks 1835 47951 261536 532787 3274767 13070031
# Nodes visited 3526 89788 486462 989136 6059638 24146133
# Constraint checks|8496118(3168397361813726855358440769(2156991197M6996547613

Table 2. Performance of BT for various CPU run-times.

We repeated our experiments 500 times for all stochasticlsgaocedures. Nat-
urally, a single run is sufficient for BT because it is detaristic. We found that the
average run-time for all stochastic algorithms stabiliaitsr 300 runs on all our data,
as shown in Figure 3 for data set 1, which justifies our degidige experimented with
different run-times for each run of each algorithm. We abgoegimented with different
ratios used to increase the cutoff value in RGR and RDGR. Wiepeoe the perfor-
mance of the algorithms using the following criteria:
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Data set I: Moving averages for CPU Time
—RGR | |
-~ RDGR

140

Cumulative Averages [sec]

100

80 ) ) ) [\Iumbqr of sarpples ) )
50 100 150 200 250 300 350 400 450 500

Fig. 3. Moving average for CPU run-times for data set 1.

1. Solution quality distribution§SQD) taking as reference the longest known solution
for each data set, as recommended by Hoos and Stitzle in§0Q#)’'s are cumu-
lative distributions of the solution quality, similar togtcumulative distributions
of run-time in run-time distributions. The horizontal axepresents in percent the
relative deviation of the solution sizefrom the longest known solutio$,,,;, com-
puted as(s‘”);:&. Thus, the point 0% on the-axis denotes the longest solution
and, the poin{ZO% denotes a solution that is 20% shortetlibdbngest solution.

. Descriptive statisticef all the solutions found, for all search techniques.

3. 95% confidence intervaif the mean improvement using 25 mean sample points,

each sub-sample being of size 20. The confidence intervalcaaputed using
a t-distribution. The improvements of RDGR with respect to &ggoathm A are

computed as:

N

X(A) — X(RDGR) @)
X(4)

where X is deviation from the best known solution in percentageld8lreports

the improvements of RDGR over RGR and ERA.

ImprovementX ) =

We report the results for the following data sets (the sanaditative observations
hold across all data sets):

— Data set 1 as a representative of an over-constrained pnoBlesults are shown in
Figures 4, 5, 6, and 7, and Table 4.

— Data set 5 as a representative of a tight but solvable prolfesults are shown in
Figures 8, 9, 10, and 11, and Table 5.

We also evaluated all the search techniques on randomlyatedeproblems, gen-
erated with the model B type generator of of [17]. We genertitree types of randomly
generated problems, each containing 100 instances andnssahice run for 3 minutes:

— The first type of randomly generated problems (R1)warder-constrainedhinary
CSPs with 40 variables, uniform domain size of 20 values,corstraint proba-
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Data seft Improvements over RGR Improvements over ERA|
LL Average UL LL Average UL
1.83 | 2.23 | 2.63 45,47 | 46.26 | 47.06
1.19 1.48 1.78 -5.64 | -5.17 | -4.69
2.61 | 2.94 | 3.27 30.05 | 32.37 | 43.69
1.03 1.35 1.66 2471 | 26.70 | 28.70
0.61 | 0.84 | 1.08 -3.54 | -3.38 | -3.23
6 0.86 1.15 1.45 -247 | -191 | -1.36

LL: lower limit of the confidence interval.
UL: upper limit of the confidence interval.

Q| B[ W[IN| -

Table 3. Improvements of RDGR with 95% confidence level

100 - — 100 -

90 90 - Data set 1
80 Data set 1 ’ .
0 / 2
3 704 3 704
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g a0 ] -~ ERA £ 409 poet + RGR-20min
S 301 g 30 = RGR-10min
o / ; ; o +- RGR-5min
204// ’ - 20
10 4! ! 10
ot . . —— . . 0 St . . . . . .
0 10 20 30 40 50 0 2 4 6 8 10 12 14
Deviation from best known solution [%] Deviation from best known solution [%]

Fig. 4. SQD for data set 1 (500 runs, 10 nfig.5. RGR and RDGR over different run-times
each). for data set 1 (500 runs).

bility, and 0.2 constraint tightness. We give their resuit&igures 12, 13 and 14.

— The second type of randomly generated problems (R2)waeconstrainedinary
CSPs with 40 variables, uniform domain size of 20 valuescOrtstraint probabil-
ity, and 0.5 constraint tightness. We give their resultsiguFes 15, 16, 17, and 18.

— The third type of randomly generated problems are fronptheese transitiorarea.
These are binary CSPs with 25 variables, uniform domain &iZkb values, 0.5
constraint probability, and 0.36 constraint tightnessylwere split into two sets,
each of 100 instances. The first set (R3) are solvable, widls¢cond set (R4) are
not solvable. We give their results in Figures 19, 20, 21 (R)R@2 (RDGR), 23
(RGR), and 24 (RGR).

Below we report our observations:

Improvement of RDGR over RGR: Figures 4, 5, 8, 9, 12, 15, 19, and 20 show that
RDGR clearly improves upon RGR. In Figures 4 and 8, RDGR haatgr proba-
bility of finding solutions up to 10% relative solution sizster that value, RDGR

74



Data set 1(69 variables, over-constrained)

|Search]| Mean [MediariMode |Standard dejMinimum|Maximum
BT 57 57 57 0 57 57
LS 47.12 48 49 4.44 30 55
ERA 30.99 31 32 4.37 18 45
RDGR || 59.66 60 60 0.77 58 62
RGR 58.27 58 58 2.83 23 62

Table 4. Statistics of solution size (500 runs, 10 min each).
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Fig. 6. SQDs of RGR with different ratios for cifig. 7. SQDs of RDGR with different ratios for
off value (500 runs, 5 min each). cutoff value (500 runs, 5 min each).

and RGR have similar performances. In Figures 5 and 9, RDGRis@ntly per-
forms better than RGR over different run-times. The positprovements in Ta-
ble 3 show that RDGR performs better than RGR over all the Gaa dets.

Best results on the ratio used to increase the cutoffin accordance with [2], Figures 6,
10, 13, 17, 23, and 24 show that a valuesi.1 is the best among the values tested
for RGR. While, for RGR, this optimal ratio does not chang¢hwhe problem
type (i.e., GTA vs. random problem), it does for RDGR. For@WA problem, it is
r=1.1 (Figures 7 and 11). For randomly generated problerssy#2 (Figures 14,
18, 21, and 22).

Improvement of RDGR over BT: Tables 4 and 5 show that the maximum value of the
solution sizes produced by RDGR is clearly greater thandhtte solution sizes
produced by BT. However, due to its stochastic nature, RD@fRIs from high
instability in its solution quality. On randomly generatpbblems also, RDGR
outperforms BT (Figures 12, 15, 19, and 20).

Superiority of RDGR over LS: The performance of RDGR is clearly superior to that
of LS (see Tables 4 and 5, and Figures 4, 8, 12, 16, 19, and 2®puygh this
solution quality is highly variable for both RDGR and LS, tlogr mean value of
the solution quality of LS ensures that RDGR remains sup&uiaS.
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Fig.8. SQD for data set 5 (500 runs, 10 nfig. 9. RGR and RDGR over different run-times
for data set 5 (500 runs).

each).

Data set 5(54 variables, tight but solvable)

|Searc{Mear{Mediar{Mode|Standard dejMinimum|Maximum

BT 52 52 52 0 52 52
LS 428§ 44 46 3.94 29 50
ERA |[53.99 54 54 0.04 53 54
RDGR||52.17 52 52 0.78 50 54
RGR ||51.79 52 52 1.04 49 54

Table 5. Statistics of solution size (500 runs, 10 min each).

Superiority of RDGR over ERA on over-constrained problems: On over-constrained
problems (Figures 4, 15, and 16 and Table 3), the deadloakgohenon prevents
ERA from finding solutions of quality comparable to thoseridiy the other tech-
nigues [9-11]. BT, LS, RDGR, and RGR do not exhibit such a alichny of be-
havior between over-constrained cases and solvable oegan

Performance of ERA: On solvable problem instances (Figures 8 and 12), ERA domi-
nates all techniques. It is the only algorithm that finds cletgpsolutions for nearly
all the runs. ERA completely dominates LS. However, on @a@rstrained prob-
lem instances (Figures 4 and 16) RDGR, RGR, BT and LS are isnierERA
due to the deadlock phenomenon. At the phase transitiom@sgl9 and 20), the
behavior of ERA is independent of the solvability of the desh. ERA performs
only better than LS, while RDGR, RGR and BT perform bettentBRA. This dif-
ference in performance of ERA may have to do with the strgctdithe randomly
generated problems and the GTA problem. More tests are déed@aderstand this
phenomenon.

RDGR is more stable than RGR: Due to their stochastic nature, RDGR and RGR
techniques show a high instability in their solution qualidowever, the standard
deviation column of Tables 4 and 5 show that RDGR is relatinebre stable than

RGR.
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Fig. 10. SQDs of RGR with different ratios f&ig. 11. SQDs of RDGR with different ratios for
cutoff value (500 runs, 5 min each). cutoff value (500 runs, 5 min each).

Sensitivity of LS to local optima: LS sensitivity to local optima makes it particularly
unattractive. Even BT outperforms LS.

Larger number of restarts in RDGR: On data set 1, the average number of restarts
is 74.5 for RDGR and 16.7 of RGR. On data set 5, the average euaflvestarts
is 56.9 for RDGR and 22.4 for RGR. This confirms our expectetigtated in Sec-
tion 3.2 that RDGR performs more restarts than RGR.

The following three statements, wheredenotes an algorithm dominance over an-
other, summarize the behavior of the 5 search strateg@sshbwn in Table 6:

— On solvable instances: ERA RDGR >~ RGR > BT ~ LS
— On over-constrained instances: RDGRRGR ~ BT ~ LS -~ ERA
— At the phase transition: RDGR RGR > BT >~ ERA >~ LS

5 Conclusions and future work

By addressing a real-world application, we are able to ifigrharacterize, and com-
pare the behavior of various search techniques. While BTaisle, it suffers from
thrashing. LS is vulnerable to local optima. ERA shows défece in performance with
different problem types. ERA has an amazing ability to seimder-constrained prob-
lems. However, ERA's performance degrades on over-cansttgroblems due to the
deadlock phenomenon. This same deadlock phenomenon mdfgtiing ERA at the
phase transition. Restart strategies effectively pretrgashing, but their solution qual-
ity is highly variable. RGR operates by increasing cutoffies at every restart, which
makes is more increasingly vulnerable thrashing. RDGRa#tes this effect by mak-
ing the cutoff value depend upon the result obtained at teeiqus restart, thus increas-
ing the number of restarts in comparison to RGR. Conseqy&TIGR exhibits a more
stable behavior than RGR while yielding at least as goodtienis. In the future, we
plan to study the following directions:
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1. Validate our findings on other real-world case-studiesd A
2. Design new search hybrids where a solution from a giveimigcie such as ERA
is fed as a seed to another one such as heuristic backtracksea
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| Characteristics |

General: Stochastic and incomplete
ERA [Tight but solvable problems: Immune to local optima
Over-constrained problems:Deadlock causes instability and yields shorter solufions

General: Stochastic, incomplete, and quickly stabilizes

LS |Tight but solvable problems: Liable to local optima, and fails to solve tight
CSPs even with random-walk and restart strategies

Over-constrained problems:Finds longer solutions than ERA

General: Stochastic, incomplete, immune to thrashing,
produces longer solutions than BT, immune to deadlock,
RDGRreliable on unknown instances, and

immune to local optima, but less than ERA

General: Stochastic, Approximately complete,
RGR |less immune to thrashing than RDGR, and
yields shorter solutions than RDGR in general.

General: Systematic, complete (theoretically, rarely in practice)
BT |[liable to thrashing, yields shorter solutions than RDGR B@&R,
stable behavior, and more stable solutions than stochasticods in general

Table 6. Comparing the behaviors of search strategies in our context
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Abstract. The desk-mates matcher application solves the need of placing stu-
dents in pairs of two for working in projects (need that is similar to the well
known problems of stable matchings or stable roommates). Each of the persons
in the previous application has a (hopefully stable) secret preference between ev-
ery two possible partners. The participants want to find an allocation satisfying
their secret preferences and without leaking any of these secret preferences, ex-
cept for what a participant can infer from the identity of the partner that was
recommended to her.

The peculiarities of this problem requires solvers based on old distributed CSP
frameworks to use models whose search spaces are higher than those in central-
ized solvers, with bad effects on efficiency.

We introduce a distributed weighted constraint satisfaction (DisWCSP) frame-
work where the actual constraints are secrets that are not known by any agent.
They are defined by a set of functions on some secret inputs from all agents. The
solution is also kept secret and each agent learns just the result of applying an
agreed function on the solution. The new framework is shown to improve the
efficiency (O(2m3’1°g(m)) times) in modeling and solving the aforementioned
problem with m participants. We show how to extend our previous techniques to
solve securely problems modeled with the new formalism, and exemplify with
the problem in the title. An applet-based solver is available [SilO4a].

1 Introduction

The desk-mates matcher application groups a set of students in stable working teams
of two, such that whenever one person wants to change her partner for a third one, the
third one prefers her current partner to the change (similar to stable matchings or stable
roommates [IM02]). The students have a secret preference between any pair of potential
partners, and between working with any given partner or working alone.

Versions of these problems, without privacy requirements, have been long known
and studied. It is an example of constraint satisfaction problem (CSP) [GP02].! A CSP
is described by a set of variables and a set of constraints on the possible values of those
variables. The CSP problem consists in finding assignments for those variables with
values from their domains such that all constraints are satisfied. The centralized CSP

! Operations research has provided very efficient solutions to some instances without privacy.
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techniques require every eventual participant to reveal its preferences (e.g. to a trusted
server), to compute the solution. Therefore, they apply only when the participants ac-
cept to reveal their preferences to the trusted party.

There exist frameworks and techniques to model and solve distributed CSPs
(DisCSPs) with privacy requirements, namely when the domains of the variables
are private to agents [YDIK98,MJ00], or when the constraints are private to
agents [SSHF(00a,Sil03b,SR04].

However, the desk-mates problem seem not to be modeled efficiently (i.e. with a
reduced search space) with any of the two known types of distributed CSP frameworks.
In this article we propose a new framework for the distributed constraint satisfaction
problems. It can model naturally existing distributed constraint satisfaction problems,
and also the desk-mates (stable matchings problems). The new framework assumes
that the constraints are not known to absolutely any agent but they are computable
from secret inputs, by applying public functions on them. These functions use secret
inputs provided securely by the different participants. Similarly, the final assignments
are secret and each agent can retrieve just the result of applying some agreed function
on the secret solution.

We also show how secure multi-party computation techniques that we have recently
developed for solving DisCSPs with private constraints can be extended to solve prob-
lems described in the new framework. We start introducing formally the CSP problem.

CSP. A constraint satisfaction problem (CSP) is defined by three sets: (X, D, C).
X ={x1,...,xy} is aset of variables and D = { Dy, ..., D,, } is a set of finite domains
such that z; can take values only from D; = {v},..., v} }. C = {¢1,..., ¢} is a set
of constraints. A constraint ¢; limits the legality of each combination of assignments to
the variables of an ordered subset X; of the variables in X, X; C X. An assignment is
a pair (z;, v} ) meaning that the variable x; is assigned the value v} .

A tuple is an ordered set. The projection of a tuple € of assignments over a tuple of
variables X is denoted €lx,- A solution of a CSP (X,D,(C) is a tuple of assignments, e,
with one assignment for each variable in X such that each ¢,€C is satisfied by €|, -
The search space of a CSP is the Cartesian product of the domains of its variables.

We consider that a set of participants are the source of such CSPs and one has
to find agreements for a solution, from the set of possible alternatives, that satisfies
a set of (secret) requirements of the participants. This view suggests a concept of a
distributed CSP. Several frameworks were proposed so far for Distributed Constraint
Satisfaction [ZM91,CDK91,YSH02a,MJ00]. Some versions consider that each agent
owns a constraint of the CSP [ZM91,SGM96]. This constraint could model the private
information of the agent [SSHF00a]. Other versions consider that each agent owns the
domain of a variable while the constraints are shared [YDIK98]. The secret domains
can also model some private constraints of the agent.

None of the two approaches, namely private variables or private domains, can model
efficiently the stable matching problems. This is because the private data of these prob-
lems does not directly constrain the allocation of the natural shared resources (the
matching). An indirect relation exist with such a constraint. Redundant variables would
need to be introduced in the system, modeling the secret preferences, but reducing ef-



ficiency. A new framework will be introduced in this article to avoid these redundant
variables.

2 The Desk-mates Matcher Application

In some of our classes students are grouped in teams of two, for solving laboratory
excercises as well as for working on projects. It is desirable for these teams to be stable
for the duration of the project. Otherwise discontinuities and changes may reduce the
efficiency of the learning process. Some students insist to work alone, and it is typically
difficult for students to refuse other’s offers of partnership. In fact students sometimes
prefer to keep private their preferences between colleagues, to avoid hurting others. We
decided that it is needed to provide students with a support in solving this situations. We
therefore built a web-application that insures their privacy using cryptographic solvers
of distributed constraint satisfaction problems, as proposed in this paper.

Our web-application works as follows. An organizer of the computation, e.g. an in-
structor or a student, uses the web form at [SilO4a] to generate (for the included JAVA
applets) parameters that are customized for the computation at hand. This process re-
quires the organizer to input the size of the class, the names of the students, and a
cryptographic public Paillier key provided by each student. Students can generate Pail-
lier key pairs using the corresponding applet linked from the form, and keep the secret
keys while handing the private ones to the organizer.

When the customized problem description is generated, a website is automatically
built and provided for this problem instance. The organizer is offered an opportunity
to email its URL to the students. The organizer can also specify which algorithm to be
used for the computation.

Each student browses the received URL, and downloads the applet with customized
parameters. The browser can verify the integrity of the applet. Each student provides
the applet with his secret key, and inputs his secret preferences. Then he launches his
applet into the computation. The applets retrieve each-other’s network IP number and
port by using a directory server installed on the same host as the web-application. The
applets solve the problem securely, and display for each student only the name of her/his
partner.

The Distributed Configurator Application Our approach can also be applied to the
problem of distributed configuration of products based on components from several
providers, with secret configuration requirements.

3 Background

Our techniques here apply only to problems whose constraints and outputs can be rep-
resented as first order logic expressions, or as arithmetic circuits on inputs. Actually,
we propose a procedure to translate first order logic definitions of constraints/outputs
into arithmetic circuits. In the following we introduce arithmetic circuits and a short
overview of the literature and techniques that made them relevant.
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Fig. 1. An arithmetic circuit, ¢ = yz + (x — z) and f=(zz + yz)g. Each input can be the secret
of some participant. The output may not be revealed to all participants. All intermediary values
remain secret to everybody.

3.1 Secure Arithmetic Circuit Evaluation

Secure multi-party computations can simulate any arithmetic circuit [BOGW88] or
boolean circuit [Kil88,Gol04] evaluation. An arithmetic circuit can be intuitively imag-
ined as a directed graph without cycles where each node is described either by an addi-
tion/subtraction or by a multiplication operator (see Figure 1). Each leaf is a constant.
In a secure arithmetic circuit evaluation, a set of participants perform the operations
of an arithmetic circuit over some inputs, each input being either public or an (en-
crypted/shared) secret of one of them. The result of the arithmetic circuit are the values
of some predefined nodes. The protocol can be designed to reveal the result to only
a subset of the agents, while none of them learns anything about intermediary values.
One says that the multi-party computation simulates the evaluation of the arithmetic
circuit. A boolean circuit is similar, just that the leafs are boolean truth values, false
or true, often represented as 0 and 1. The rest of the nodes are boolean operators like
AND or XOR. A function does not have to be represented in this form to be solvable
using general secure arithmetic circuit evaluation. It only needs to have such an equiv-
alent representation. For example, the operation Zf: p f(i) is an arithmetic circuit if
B and E are public constants and f(¢) is an arithmetic circuit. The same is true about
Hf: p f(i). Such constructs are useful when designing arithmetic circuits.

There must be some machinery to compute the result of the circuit from the inputs.
However, existing techniques allow for the secret inputs not to be revealed to this ma-
chinery. Namely the machinery works only with encrypted secrets that it cannot decrypt
(i.e. using Shamir’s secret sharing [Sha79], detailed later).
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Ai Xj

X1 1

Fig.2. A constraint between x; and x; for the desk-mates problems. An element is feasible,
value ’17, if the correponding pairs (A;,Ay,;) and (A;,A;;) are allowed in a solution given the
preferences of A;, Aj, As,, As;.

4 Distributed CSPs with constraints secret to everybody

In this article we redefine the distributed CSP framework, aiming to model efficiently
(i.e. with a reduced search space) the distribution of some famous CSP problems,
namely the stable machings problems (e.g. the desk-mates problem).

Desk-mates The desk-mates problem consists in placing a set of persons A =
{41, ..., A, } in teams of two (or two-seats desks), such that if any person A; prefers a
person A; to the desk-mate selected for her, then A; prefers her current desk-mate to
A,

A way of modeling the desk-mates problem as a CSP is to have one variable x; for
each person A; specifying the index of the desk-mate assigned to her by the solution, or
specifying i, the index of A; itself, if she remains alone. The constraints are obtained by
preprocessing the input from participants about their preferences. The fact that a person
A; prefers A, to A, is specified by the first order logic predicate P4, (u,v). There is
a constraint ¢/ between every pair of distinct variables x; and x;. In first order logic
notation, the constraint between each two variables x; and z; is:

Vg, xy 0 09 (21, 25) & (Pa,(2),25) = Pa, (7.)) A (Pay (2i,25) = Pa, (i,4)) A
(2 = ) & (25 = 1)) )

Read: For each pair of participants A;, A;, (and corresponding
variables x; and x ;) there is a constraint ¢* that allows a pair
of assignments to these variables only if:

— the fact that A; prefers the participant assigned to Aj (Ag;)
to her own match A,, implies that:
the agent assigned by these assignments to Aj (Ay,),
prefers the agent Aj to the agent A;.
— the fact that A; prefers the participant assigned to A; (Ag,)
to her own match A, implies that
the agent assigned by these assignments to A; (Ag,),
prefers the agent A; to the agent A;.
— Aj is the match of A; only if A; is the match of A;.
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Note that this model subsumes the constraints: V%, j : x; # x;. The main complica-
tion with this kind of CSPs is that the constraints are functions of secrets that cannot be
easily elicited from the participants. Distributed CSP frameworks are meant to address
such problems.

Modeling the desk-mates problem with DisCSPs with secret constraints that are known
to some agents. One can model the desk-mates problem with secret constraints known
to some agents [ZM91,SSHF00b] by choosing as variables, 1, ..., T,,, the index of
the partner associated to each agent (that has to be computed) and using one addi-
tional boolean variable for each secret preference, Py4,(u,v). The total number of
boolean variables is m?, m? of them being actually fixed by public constraints (e.g.
Py, (u,u) = 0). However, also taking into account the variables 1, ..., Z,, the total
search space becomes O(mm2m3). This is 0(27"3) times worse than the centralized
CSP formalization whose search space is only O(m™).

We propose now a distributed constraint satisfaction framework that allows to model
these problems with the same search space size as the CSP framework, O(m™).

4.1 Redefining the Distributed Constraint Satisfaction Framework

In the previous part of this section we have exemplified CSP models for the stable
matchings problem. We have seen that it is difficult to model efficiently these problems
using existing private variable-, or private constraint- oriented distributed constraint
satisfaction frameworks.

Let us propose a framework for modeling distributed CSPs, where a constraint is not
(necessarily) a secret known to an agent, or public, but can also be a secret unknown to
all agents.

Any distributed problem is essentially (in our view) described by a set of inputs and
expected outputs from/to each participant. A distributed CSP is a specialization in the
sense that the inputs are used to specify constraints/domains of a CSP, and the outputs
are derived from the solution of that CSP. As shown elsewhere, sometime the inputs are
also needed (in combination with the solution) to provide meaningful outputs [Sil04b].

Definition 1. A Distributed CSP (DisCSP) is defined by six sets (A, X, D, C, I, O) and
an algebraic structure F. A={ Ay, ..., A, } is a set of agents. X, D, and the solution are
defined like for CSPs.

I={I,...,1,} is a set of secret inputs. I; is a tuple of a; secret inputs (defined on
F) from the agent A;. Each input I; belongs to F*:.

Like for CSPs, C'is a set of constraints. There may exist a public constraint in C, ¢,
defined by a predicate ¢ (€) on tuples of assignments €, known to everybody. However,
each constraint ¢;,1>0, in C' is defined as a set of known predicates ¢;(¢, I) over the
secret inputs I, and the tuples € of assignments to all the variables in a set of variables
X, X; CX.

O={o01,...,0,} is the set of outputs to the different agents. Let m be the number of
variables. 0; : D1 X ... X D,,, — F“' is a function receiving as parameter a solution
and returning w; secret outputs (from F') that will be revealed only to the agent A;.
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Theorem 1. The framework in the Definition 1 can model any distributed constraint
satisfaction problems with private constraints [SSHF00D].

Proof. The new DisCSP framework can be used to model any of the DisCSP problems
with constraints private to agents, by defining /; as the extensional representation of the
private constraint of A; (assuming the simple but sufficient case of one constraint per
agent). ¢;(e, I) is then given by the corresponding value for € in I; (true/1 or false/0).
The outputs are going to be 0;(¢) = ¢ for all i. q.e.d.

Theorem 2. The framework in the Definition I can model distributed constraint satis-
faction problems with private domains [YDIK9S].

Proof. A private domain of an agent can also be modeled as a private unary constraint,
in a DisCSP where each domain is the maximum possible domain for the variable.
Then, the Theorem 1 applies. q.e.d.

We do not claim that the new framework is more general than the existing frame-
works. It enables us to model naturally and efficiently the desk-mate (stable matchings)
problems. One can also model these problems with the old frameworks, but they seem
to yield much larger search spaces, and therefore less efficient solutions. Let us now
exemplify how this framework can model the new problems.

Modeling the desk-mates problem as a DisCSP. A way of modeling the desk-mates
problem as a DisCSP is to have one agent, A;, and one variable, z;, for each participant
in the problem description. x; specifies the index of the desk-mate assigned to A; by
the solution, or specifies ¢ if she remains alone. The inputs I; of each agent are given
by the set of preferences P4, (u,v), specifying whether A; prefers A, to A,, for each
w and v. The set F, to which belong the inputs and the outputs, is {true, false}.
There is a constraint ¢*/ between every pair of variables x; and x;, defined as in

Equation 1. The output functions are defined as: o0;(¢) def €|{z;}- Namely, each agent
learns only the name of her desk-mate. There is a public constraint:

b0 S Vi, j, (i = 5) & (2 = i) A (i # ) @

4.2 Distributed Weighted Constraint Satisfaction Problems

Definition 2. A distributed constraint satisfaction problem (DisWCSP) is defined by
six sets (A, X, D,C,I,0), and algebraic structure F, and a set of acceptable solution
qualities B, that can be often represented as an interval [B1, Ba).

- A={A,,..., A, } is a set of agents.

- X = {x1,...,xm} is a set of variables and D = {D, ..., D,,} is a set of finite
domains such that x; can take values only from D; = {v}, ..., ”fi,- }. An assignment
is a pair (x;,v.) meaning that the variable x; is assigned the value v'.. A tuple is
an ordered set.

- I={I1, ..., I,} is a set of secret inputs. I; is a tuple of «; secret inputs (defined on
a set F') from the agent A;. Each input I; belongs to F'*i.
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- C = {¢o, ..., pc} is a set of constraints. A constraint ¢; weights the legality of
each combination of assignments to the variables of an ordered subset X; of the
variables in X, X; C X. ¢q is a public constraint defined by a function ¢o(e)
on tuples of assignments €, known to everybody. Each constraint ¢;, i>0, in C' is
defined as a known function ¢;(e,I) over the secret inputs I, and the tuples € of
assignments to all the variables in a set of variables X;, X; C X. ¢;(¢,I) maps
secret inputs and tuples into weights.

— The projection of a tuple € of assignments over a tuple of variables X; is de-
noted €|, . A solution is ex =  argmin Yo bil€|x, ) iy, dilex|y,) €

e€ED1X...Xx Dy,
[B;...Bs).
- O={o1, ..., 0, } is the set of outputs to the different agents. 0; : I x D1 X ...X Dy, —
F“i is a function receiving as parameter the inputs and a solution, and returning
w; secret outputs (from F') that will be revealed only to the agent A;.

Solvers developed in our previous work require that the functions in sets O and C'
are input either in first order logic form, or in the form of arithmetic circuits.

The inputs are not revealed to the solving machinery, as it manipulates only en-
crypted data (in difference from a classic monolithic system with a trusted server).

The public constraint ¢ can be input into the system using a set of constraints
{¢8, 3, ...}, and the tuples of assignments accepted by ¢ can be obtained separately by
each agent, when needed, using any systematic search technique that finds all solutions
of a CSP, e.g. backtracking or lookahead algorithms (BT, BM, CBJ, FC, MAC, EMAC,
etc.).

5 Adapting existing secure solvers to the new DisCSP framework

There exist a large set of algorithms addressing distributed CSPs with privacy of con-
straints [Sil02,HCN*T01,FMWO01,WS04,YSH02b,Sil03b]. Note that none of the exist-
ing techniques involves propagation, except for a very old variant in [Sil02]. The ones
that we succeed to extend to the new framework are:

— Finding the set of all solutions of a distributed constraint problem with secret con-
straints [HCNT01].

— Finding the first solution in a lexicographic order for a distributed constraint satis-
faction problem with secret constraints that are known to some agents [Sil03a].

— Finding a random solution for a DisCSP with secret constraints that are known to
some agents [Sil03b].

When a solution is returned to the desk-mates problem, each agent A; can infer that:
any agent Ay, preferred by A; to her current desk-mate Aj, prefers her current partner
to A;. If only one solution is returned (picked randomly among the existing solutions),
then no other secret preference can be inferred with certainty.

Theorem 3. The desk-mates problem can have several solutions.
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Proof. Consider a case with three agents, Ay, Aa, Az where Py, (2,3), Pa,(3,1),
P4, (1,2). This is a loop of preferences, and has three stable solutions, the sets of teams
{(A41,A42), (A3)}, {(As, A3), (A1)}, {(As, A1), (A2)}. Such an example can be con-
structed out of any similar loop of preferences, of any size.

If there exist several solutions, the agents will prefer not to reveal more then one of
them. The remaining solutions would only reveal more secret preferences:

— Typically there is no other fair way, except randomness, to break the tie between
several solutions.

— If the single solution that is returned is selected as the first one in some given lex-
icographic order on the variables and domains of the problem, then additional in-
formation is leaked concerning the fact that tuples placed lexicographically before
the suggested solution do not satisfy the constraints [Sil03b].

As it follows, if it is known that a certain problem has only one solution, then any
technique is acceptable among either:

— Finding and returning all solutions using the technique in [HCN01], or
— Returning only the first solution (e.g. by sequentially checking each tuple in lexi-
cographical order until a solution is found).

Otherwise, strong privacy requirements make techniques returning a random solu-
tion [Sil03b] desirable, despite their potential of having a lower efficiency.

5.1 General Scheme

We will note that the main difference between the new DisCSP framework, and the one
with secret constraints that are known to some agents, is that now the constraints need
to be computed dynamically from secrets inputs. All the techniques we extend to the
new framework contain a component based on Shamir’s secret sharing [Sha79]. It is
the achievement of this sharing which is most affected by the change in framework. We
will start by describing Shamir’s secret sharing, its importance in distributed multi-party
computations, and them we will introduce our changes.

The secure multi-party simulation of arithmetic circuit evaluation proposed
in [BOGWS88] exploits Shamir’s secret sharing [Sha79]. This sharing is based on the
fact that a polynomial f(x) of degree t—1 with unknown parameters can be recon-
structed given the evaluation of f in at least ¢ distinct values of x, using Lagrange
interpolation. Absolutely no information is given about the value of f(0) by revealing
the valuation of f in any at most t—1 non-zero values of x. Therefore, in order to share
a secret number s to m participants A4, ..., A,, one first selects t—1 random numbers
ai, ..., a;—1 that will define the polynomial f(x) = s+ Zf:(am’) A distinct non-
zero number 7; is assigned to each participant A;. The value of the pair (7, f(7;)) is
sent over a secure channel (e.g. encrypted) to each participant A;. This is called a (¢, n)-
threshold scheme. Once secret numbers are shared with a (¢, n)-threshold scheme, eval-
uation of an arbitrary arithmetic circuit can be performed over the shared secrets, in
such a way that all results remain shared secrets with the same security properties (the
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number of supported colluders, t—1) [BOGWS88,Yao82]. For [Sha79]’s technique, one
knows to perform additions and multiplications when ¢ < (n — 1)/2. Since any |n/2|
participants cannot find anything secret by colluding, such a technique is called |n/2]-
private [BOGWSS].

We do not try to encode functions, but only their inputs. All functions (more exactly,
arithmetic circuits) that will be computed are public and known by all participants. Their
inputs, intermediary values, and outputs are shared secrets. The functions that we are
able to compute belong to the class of arithmetic circuits. The techniques computing
these function do not reveal any information to anybody, and work by letting agents
processing the Shamir shares that they know, and by sharing additional secret values.

The techniques solving DisCSPs with private constraints can be used as a black box,
except for the secret constraint sharing. Namely, instead of simply sending encrypted
Shamir shares [Sha79] of one’s constraint, those shares of the constraints have to be
computed from the secret inputs of the agents. We therefore propose to replace the secret
sharing/reconstruction steps with simulations of arithmetic circuit evaluation which will
compute each ¢y (e, I') for each tuple € and for the actual inputs I. This step is called
preprocessing. Intuitively, preprocessing is the step of computing the encrypted initial
parameters of the CSP (i.e. acceptance/feasibility value of a tuple from the point of view
of each constraint), out of the provided secret inputs. Preprocessing prepares “the pairs”
(y.f(y)) that encode the 0/1 values of the constraints. It is done by evaluating arithmetic
circuits.

Similarly, instead of just reconstructing the assignments to variables in a solution ¢,
one will have to design and execute secure computations of the functions oy (€). This
step is called post-processing. Intuitively, post-processing is the step of computing the
outputs to be revealed to agents, from the obtained encrypted solution of the DisCSP
and secret inputs. We show that in our cases this can also be done using simulations of
arithmetic circuit evaluations.

Assume A is some algorithm using Shamir’s secret sharing for securely finding
a solution of a distributed CSP (with secret constraints known to some agents). The
generic extension of the algorithm A to solve the DisCSP in the new framework is:

— Preprocessing: Share the secrets in I with Shamir’s secret sharing scheme. Com-
pute each ¢y (¢|x, , I) for each tuple € x, and for the actual inputs I by designing it
as an arithmetic circuit and simulating securely its evaluation. The public constraint
¢o can be shared by any agent.

— Run the algorithm A as a black-box, for finding a solution ex shared with Shamir’s
secret sharing scheme, for a DisCSP with parameters (i.e. constraints) shared with
Shamir’s secret sharing scheme.

— Post-processing: Compute each o;(ex) by designing it as an arithmetic circuit and
simulating securely its evaluation. Reveal the result of 0;(ex) only to A;.

5.2 Pre- and post- processing for desk-mate problems

In the remaining part of the article we will prove that it is possible to design the needed
preprocessing and post-processing to solve our example of DisCSPs, the desk-mates
problem, using the general scheme defined above.

10

92



Preprocessing for the desk-mates problem. We assume the same choice of variables, as
for the CSP formalization of this problem in Section 4. Let us now show how simple
arithmetic circuits can implement the required preprocessing.

Each variable z; specifies the index of the desk-mate associated to A;. The input of
each agent A; is a preference value Py, (4, k) for each ordered pair of agents (Aj, Ap),
and specifying whether A; prefers A, to Ay. Pa,(j, k)=1if and only if A; prefers A; to
Ay. Otherwise Py, (j, k)=0. A constraint ¢*/ is defined between each two variables, z;
and z;. Le. ¢ [u, v] is the acceptance value of the pair of matches: (A4;, 4,,), (4;, 4,).
One synthesizes m(m — 1)/2 such constraints:

0 when u = v
PU= Y 1 Py o)+ (- Pa Gl
(1= Py, (u,v) * (1 = Pa,(i,7))) when u # v

The public constraint ¢ (same as in Equation 2) restricts each pair of assignments:

e, e=((wi,u), (,)) : dol€) = ((u=j) & (v=0)) A (u £ )
@ is known by everybody, and therefore there is no need to compute it with arithmetic
circuits. The complexity of this preprocessing is O(m?) multiplications of secrets (for
m? binary constraints with m? tuples each).
The desk-mates problem does not require any arithmetic circuit evaluation for the
post-processing, as each agent A; learns a value existing in the solution, 0;(€) = €|{4,}
The participants just reveal to A; their shares of z; in the solution.

6 Transforming first order logic in arithmetic circuits

Based on the experience with the examples analyzed so far, we conclude that with the
new DisCSP framework it is useful to have a mechanism for automatic translation of
first order logic sentences about secrets, into arithmetic circuits.

The main constructs in first order logic whose translation to arithmetic circuits will
be given here are: Vi € [1..n]P(i), 3i € [1.n|P(i), P A Q, PV Q, =P, minp;(i),
and f = k, where P and Q are predicates with a true (1) or false (0) value, f is a secret
integer in a given interval, [1..n], ¢ is a quantified variable that can take integer values in
a given interval, [1..n], and & is a constant. They can also apply to variables and secrets
from any finite set of numbers, S = {ay,...,an}. minp(; i is the function returning
the minimum ¢ such that P(7) holds. The equivalent arithmetic circuits are shown in
Table 1.

6.1 Complexity

For a problem with size of the search space © and ¢ constraints, the number of messages
for finding all solutions with secure techniques similar to the one in [HCN*01] is given
by (¢ — 1)© multiplications of shared secrets (n(n—1) messages for each such mul-
tiplication). For the desk-mates problem modeled with the new framework, ©=m™
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First Order Logic Sentence Equivalent Arithmetic Circuit

P P_
Vi € [1..n], P(4) L P(i)
Va € S, P(a) _H?zl_P(az‘)
3i € [, P(0) S (PO [T, (= PG))]
Ja € S, P(a) > [Plai) TT521 (1 — P(ay))]
PAQ PxQ
PVQ P+(1-P)Q
P=Q 1-P1-Q)
-P 1-P

f=k (f,kel.n])

(i.e. test if f equals k, where they are in [1..n])

FOGE L2 (F =) Ta = 1)

f = ag, (f € 57 ke [17’L]) nuiES,i;ék(f_ai)
(i.e. test if f equals the k' element of S) Ha;es,izr(ar=ai)
‘min 4 . -
Pl ieltm) 2 BP@) T2 (1 = P(j))]

(i.e., smallest 7 s.t. P(7) holds)

Table 1. Equivalences between first order logic constructs and arithmetic circuits. P and @ are
predicates and P and @ are their equivalent arithmetic circuits. S = {a1, ..., an }.

and c=1 for the version with a single global constraint, or c=m?/2 for the version
with binary constraints. For the case with binary constraints, it yields a complexity of
O(m™7*2). As mentioned before, the preprocessing has complexity O(m*) multiplica-
tions between shared secrets, resulting in a total complexity O(m?(m™ + m?)).
Solving the same problem with the same algorithm but modeled with the old
DisCSP framework with private constraints, © = m™2™" and ¢ = m, for one global
constraint from each agent. There is no preprocessing, but the total complexity is
O(mm+12m3). The new framework behaves better since m << 2™ . The compar-
ison is similar for other secure algorithms, like MPC-DisCSP1 (see [Sil03b]) whose
complexity is given by O(dm(c+m)©) multiplications between shared secrets.
Similar improvements can be achieved by applying this new framework to other
known problems like incentive auctions and stable marriages problems [Sil04b].

7 Conclusions

DisCSPs [BMMO01,SGM96,LV97,Ham99,MR99,ZWWO02,BD97,FBKG02,MTSY04]
are a very active research area. Privacy has been recently stressed
in [MJOO,FMWO01,WF02,FMGO02,YSHO2b] as an important goal in designing
algorithms for solving DisCSPs.

In this article we have investigated how versions of old and famous problems, stable
matchings problems, can be solved such that the privacy of the participants is guaran-
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teed except for what is leaked by the selected solution. Our approach uses secure simu-
lations of arithmetic circuit evaluations and is therefore robust whenever no majority of
the participants colludes to find the secret of the others, and when all agents follow the
protocol.

We note that the desk-mates problems cannot be efficiently modeled (at least not in
an obvious way) with existing distributed constraint satisfaction frameworks. We have
therefore introduced a new distributed constraint satisfaction framework that can model
such problems with the same search space size as the classic centralized CSP models.
We have shown how some techniques for the existing frameworks can be adapted to
problems modeled with the new DisCSPs, and we exemplify the model with the desk-
mates problems. For m participants in the desk-mates problem, the size of the search
space in the DisCSP model achieved with the new framework is O(m™) while the
previous framework with private constraints yields DisCSP instances with a size of the
search space of O(mm2m3). In existing secure algorithms for solving DisCSPs, the
number of exchanged messages is fix and directly proportional to the search space size,
making this property of a problem instance particularly relevant.
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